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Preface

In the present text, I attempt to develop set theory on the
model of calculus, so that any student who can learn the latter
can learn the former. I shall explain later what this means in
practical terms.

Mathematics as such

Meanwhile, in more theoretical terms, the text attempts to
bridge the gap between mathematics as natural science and
mathematics as logic. Under the former conception, mathe-
matics should agree with the world (or with other mathematics
courses); under the latter conception, mathematics should be
logically derivable from axioms that may be plausible, but are
in any case accepted for the nonce.

FEuclid recognized the gap, and he has given us in the FEl-
ements [6] the earliest known attempt to bridge the gap. A
carpenter or surveyor may recognize that many of Euclid’s
propositions are true; Euclid shows why they must be true.

Euclid has the spirit of Socrates, who at his trial recalls the
pronouncement of the oracle at Delphi that he, Socrates, was
the wisest of men [16]. Incredulous, Socrates investigated the
men who are reputed to be wise:

After the political experts I went on to the poets . . . on the
basis that it was here that I'd catch myself red-handed, as



actually more ignorant than [they|. So, picking out those of
their poetic compositions they seemed to me to have spent
most effort on, I would ask them what they were trying to
say, with a view to learning a thing or two from them as well.
Well, Athenians, I blush to tell you the truth, but it has to
be told: practically speaking, almost everyone present would
have better things to say than they did about their own
compositions . . . But, men of Athens, the good craftsmen
too seemed to me to suffer from the same failing as the poets:
because they were accomplished in practising their skill, each
one of them claimed to be wisest about other things too, the
most important ones at that—and this error of theirs seemed
to me to obscure the wisdom that they did possess.

Most undergraduate mathematics has an obvious meaning in
the physical world, or at least is of use to experts who work in
the world. Even number theory has its applications to cryp-
tography and thus to warfare and internet commerce. But
mathematics proper must be able to explain not only how
it is true, but why. How Newton’s infinitesimal calculus is
true is that it can derive the motions of the planets from an
inverse-square law of gravitation [14]. But this success did
not make calculus into mathematics. Infinitesimal calculus
became mathematics as such only after three centuries, when
Robinson founded it in logic [18]. Euclid had shown the way,
or established the ideal, some two millenia earlier.

Now set theory may stand as the purest mathematics. But it
was created to explain the power of calculus, before Robinson
was born. Alexandre Borovik notes the paradox that though
there may be nothing infinite in the world, infinity is still use-
ful as an approximation to the very large. Infinity here may
not be a set, but a point to the right of all of the points on the
real number line. Since those points are called numbers, in-

i



finity may be considered a new number. The linguist may say
that we have the capacity to form an infinite number of gram-
matical sentences, as in symbolic logic we may form infinitely
many conjunctions Py A P, A---A P,. Here the infinite number
is an infinite set, but a countable set. Even the uncountably
infinite is useful, in the form of the real numbers themselves,
which compose an uncountably infinite set. Taking inspiration
from the line of real numbers, I try to develop in the present
text an analogous conception of the class of all ordinal num-
bers. I even draw graphs of continuous and non-continuous
ordinal-valued functions as if they were real-valued functions.

Most students come to us without knowing what mathemat-
ics is. For them, it is just like physics or any other course they
have to take. Their job is to satisfy their teachers. Our job
is to induce the students to insist on satisfying themselves.
What we ask them to learn should be justified to their stan-
dards. Therefore they must develop their own standards. This
is true in any course of study; but in mathematics, the stan-
dards of truth are universal. We expect universal agreement
on whether a given theorem follows from given axioms and
definitions. In practice there may not be agreement, but in
this case we have a clear procedure for resolving the dispute.
The person who says that a theorem is true must be prepared
to supply a proof, and to explain it as needed by anybody who
is seriously interested. Teachers may demand this of students;
students must also feel free to demand this of teachers.

I once had a student in a set-theory course who thought a
certain equation was true because he had seen it in an author-
itative source. He had not understood that, in the source, the
equation was true by a definition that my own course had not
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adopted. The equation was

(e=2. (1)
I had taught instead
e =V; (2)

but this was a theorem following from the natural definition
(1C={x:VWY (YeC=uzeY)}

where C'is any class. This is what I have always taught. With
this definition in mind, one can write a “De Morgan law” in

the form .
(Ne) =Utxs: xecy, (3)
which is a generalization of the more familiar
(AjN---NA) =A°U---UA,S. (4)

One has to explain the notation on the right of (3), since the
complement of a set is a proper class, so that {X°: X € C}
is not a class unless C' = @. One can still define

J{x:xeCt={a:Fy YeCArz¢Y)}
When C is empty, one gets

U®:®7 (5)

and so (2) follows. This, or rather ((@)° = &, is also the
natural interpretation of (4) when n = 0.

One could say that (4) made no sense when n = 0; but this
would be contrary to the spirit of generalization in mathemat-
ics: a spirit which may lead to vacuity, but also to insight and
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simplicity. In Mathematics: A Very Short Introduction |9, ch.
3, PP- 35-48|, Gowers notes that the straight lines joining any
two of n points on a circle divide the circle into 2"~! regions
when 1 < n < 5. This is not a proof that the same is true for
all n:

In fact, with a little further reflection one can see that the
number of regions could not possibly double every time. For
a start, it is worrying that the number of regions defined
when there are 0 points round the boundary is 1 rather than
1/2, which is what it would have to be if it doubled when
the first point was put in. Though anomalies of this kind
sometimes happen with zero, most mathematicians would
find this particular one troubling.

That a certain formula does not work when n = 0 is a sign
(albeit not a conclusive one) that the formula will not work
for other n either.

It is clear what the sum )" | a; means when n is a counting
number; and when n = 0, the sum should be zero. But then
the product [[;_, a, should be 1 when n = 0, since 1 is neutral
with respect to multiplication. As a special case, we define
0! = 1. Likewise, since the universal class is neutral with
respect to intersection, we should define (2) to be true.

Nonetheless, the elegance of (2) may be lost on students.
When one of them lost points on an exam for writing (1) in-
stead of (2), he showed me an issue of Matematik Dinyasi in
which Ali Nesin said that (1) was correct. Ali worked only
with sets, not with proper classes. In particular, he defined
intersections only of sets, and these intersections should al-
ways be sets. By fiat then, (1) held, there being no better
alternative. Seeing this equation, apparently my student took
it to be as true as an equation from physics like F = ma. He
had not learned that Arnol’d [1] was not quite right to say,



Mathematics is a part of physics. Physics is an experimental
science, a part of natural science. Mathematics is the part
of physics where experiments are cheap.

That very “cheapness” of its experiments makes mathematics
different. In every class, using axioms and definitions, we can
create a new world, which need not be the same as the world
seen in a previous class, or in a text that we are not using.

As the student of linear algebra must learn to work with
more than three dimensions, overcoming his or her preconcep-
tion that the additional dimensions have no physical meaning,
so the student of set theory must learn to work with infinite
sets that are strictly larger than other infinite sets, and even
with classes that are too large to be sets at all. The universal
class V might be considered as analogous to the point co at
infinity already seen in calculus.

The writing of textbooks

I have now taught set theory three times at METU, and three
times at Mimar Sinan. I have always produced my own text
for the course. This text contained more than could be covered
in the course, because I wrote the text more for the teacher
(namely myself) than for the students. Most textbooks may be
written so that they can replace a teacher’s lectures. I myself
did aim to put in my own texts everything that lectures would
cover; but the text might be terser than the lectures. The
text would also cover more: things that I, at least, wanted
to know, or that that were needed to satisfy some notion of
formal completeness, though they could be skipped in class.

I write texts for many of my courses. For this habit, I blame
the man who taught me precalculus and calculus in the last
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two years of high school. Donald Brown had us buy two text-
books: Spivak [21] for theory, and Salas and Hille [20] for
practice. These could have been used for two courses called,
respectively, analysis and computations in analysis at Mimar
Sinan. In any case, the real text for Mr Brown’s course was
the one that we copied down from what Mr Brown wrote on
the blackboards. I learned in this way that different choices
could be made about how to do mathematics. Mr Brown was
making his own choices. If I became a teacher, I could make
my own choices.

In a number-theory course that I taught at METU, a student
complained that the text was difficult to understand. He was
embarrassed when I pointed out that the text was by me. I
told him that the real course was worked out in the classroom.
If a student could follow the text by itself, that was fine; but
I was not interested in producing a text that would obviate a
student’s need to come to class.

I may not be able to produce such a text. Perhaps nobody
can, but if they try, they end up with a bloated textbook with
something for everybody, but too much for anybody. At least
one student did praise one edition of my own set-theory text;
but she had been by far the best student in the class.

The present text is somewhat different. It is set theory
stripped down to precisely what I think reasonable to ask all
students to learn. I have also changed my mind about what
needs to be in the course.

I began teaching set theory at METU in order to work out
some of my own concerns about mathematical rigor. For ex-
ample, I had noticed that the logical distinction between in-
duction and recursion in the natural numbers was not com-
monly recognized. Even otherwise-rigorous textbooks treated
induction, strong induction, and well-ordering as equivalent
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principles, from any one of which, all of the other properties
of the natural numbers could be derived. Mr Brown did this,
as did Spivak; but they were in error. I ultimately wrote an
article [15] about this. Meanwhile, I wanted to clarify matters
in my own set-theory course.

I learned that my concerns were lost on most students. Since
my students had entered university on the basis of their ability
to solve odd computational problems, I decided that in set
theory they should at least be able to perform computations
with what Cantor 3, §19, pp. 183-195] calls the normal forms
of ordinal numbers.

This text

I used to want the students to learn something of symbolic
logic. However, I have now all but dropped this aspect of the
course. Students should still learn that sets can be collected
into classes, which are defined by formulas; but the formal
definition of formulas is now relegated to Appendix B.

I used to try to motivate set theory by the paradox that
our earliest mathematical activity is based on a proposition
that everybody accepts without proof, but is not properly an
axiom. The proposition is that no matter how we count a set,
we always get the same number. The proposition fails when
the set is infinite. This is a sign that the proposition for finite
sets is a real theorem, not an axiom.

One might alternatively conclude that there are no infinite
sets, or that there is not really any way to count them. I had a
friend who did not believe in infinite sets; he could have been
a mathematician, but became a lawyer instead.

In earlier set-theory classes, I did postpone the Axiom of
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Infinity as long as possible. I did not do this in my most re-
cent class, because I had decided to try to motivate set theory
differently this time.

One does real analysis on the basis of the axioms of a com-
plete ordered field. One can in fact construct a complete or-
dered field from the natural numbers, as given by the Peano
Axioms. The way was shown by Dedekind [4], and Landau
[11] works out the details; but one need not construct the real
numbers, in order to do analysis.

I have used the same idea in the present text. The ordi-
nals are analogous to the real numbers in the sense that every
nonempty set of them with an upper bound has a least upper
bound. In order to do “ordinal analysis” as soon as possible, I
present axioms for ordinals in Chapter 2, and I prove from
these axioms the tools needed for ordinal arithmetic: ordinal
induction and ordinal recursion. Alternatively, one might just
accept ordinal induction and recursion as axioms themselves,
or as grand theorems whose proofs are deferred, like the In-
termediate Value Theorem in some calculus books. In Salas
and Hille, the proof of the IVT is in an appendix. In my own
set-theory classes, I may prove the theorem of ordinary recur-
sion (recursion on N or w), to give a taste of what is involved,
while waving my hands over ordinal recursion.

In just a few pages, Suppes [22, pp. 195—205] gives three
versions of transfinite induction, five versions of transfinite re-
cursion. I give only one version of each, a version obtained
from ordinary induction or recursion by adding a limit step.

In Chapter 3 are presented those set axioms with which
the existence of a model of the ordinal axioms can be estab-
lished. The chapter has two parts. As presented in the pre-
vious chapter, ordinal recursion gives us only functions from
ON into itself. With the Empty-Set, Adjunction, and Re-
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placement axioms, we can recursively define an isomorphism
from any structure satisfying the ordinal axioms to ON as de-
fined by von Neumann [25]. We may henceforth assume that
ON has this definition. This gives us the convenient results

a={: < al, supA:UA.

This is the result of the first section. In the next section, we
observe that the new ON is transitive and well-ordered by €,
and so are all of its elements. This will let us define it without
using the ordinal axioms.

Bruno Poizat might be critical here. In his Course in Model
Theory |17, p. 163, after showing that every well-ordered set
is isomorphic to a unique von Neumann ordinal, he writes,

We meet some students who are allergic to ordinals as “well-
ordering types” and who find the notion of von Neumann
ordinals easier to digest; that is a singular consequence of
dogmatic teaching, which confuses formalism with rigor, and
which favors technical craft to the detriment of the funda-
mental idea: It takes a strangely warped mind to find the
notion of a transitive set natural!

I do not know whether it is really a job for a mathematician
to judge what is strangely warped! Different people think dif-
ferently, even within mathematics. Our students may indeed
be victims of dogmatic teaching; but it is they with whom we
have to work. In real analysis, each real number can be under-
stood as the set of all rational numbers that are less than itself;
but one need not have this understanding, in order to do real
analysis; and the understanding may even be a distraction. In
ordinal analysis, we need only think of ordinals as points on
a certain line. However, it ¢s useful for our purposes if the
ordering of that line is precisely set-theoretic membership, so



that every ordinal is precisely the set of ordinals that are less
than itself. For one thing, this means the ordinal itself has a
cardinality. In an early draft of the present text, I had written
a theorem in the form,

a-fr{fE<al x{& <)

At some stage, this may express the theorem better than what
I have now written, namely

a-f~axpf.

But it seemed to me that maintaining a formal distinction
between v and {¢£: & < a} would be perverse.

Adjunction is not one of Zermelo’s original axioms [26], but
it follows from his axioms of Union and “Elementary Sets”
(classes of at most two elements are sets). I prefer to give Ad-
junction before having to introduce Union. Once the Union
Axiom s introduced, along with Separation and Infinity, we
can show that von Neumann’s ordinals do exist so as to sat-
isfy the ordinal axioms given earlier. However, this material
is independent from the rest of the text, and perhaps it can
be ignored, however paradoxical that may be for a course of
axiomatic set theory.

Most of the Zermelo—Fraenkel axioms can be understood to
be that certain classes are sets. I have never seen the Axiom
of Infinity presented this way, even in a thorough discussion of
the axioms by Fraenkel and others |7]. However, since we have
already introduced the ordinals, we can let Infinity be that the
class of all ordinals that neither are limits nor contain limits
is a set.

The Power-Set Axiom appears only in Chapter 7, on car-
dinals, to establish that there are uncountable sets. Then the

x1



Axiom of Choice gives us that every set is equipollent with
some ordinal. Defining the Beths as well as the Alephs makes
some nontrivial computational problems possible. It may be
a perversity of mathematics that we look for ways to give stu-
dents problems; but this is what I have done.

I never mention the Foundation Axiom. One may raise the
question of whether a set can be a member of itself; but I see
no point in declaring that it cannot unless one is going to give
the proof that such a declaration is consistent with the other
axioms.

It might be said that my use of V for the class of all sets
implies my acceptance of the Foundation Axiom. I use this
notation in the text only to point out that Z(V) = V, so
that Cantor’s Theorem A < Z(A) must somehow use that A
is not a class. I do not point out that (@ = V.

The possibility of computational problems with ordinals is
developed in Chapters 4, 5, and 6, which concern ordinal
addition, multiplication, and exponentiation respectively. The
chapters are laid out in parallel, as far as possible. Thus in
Chapter 4 we establish that each element w? is of the form
w-k+n,and n+ w = w. In particular then, w? is closed
under addition. In Chapter 5, we see that w® is closed
under addition and multiplication. Within this set, Cantor
normal forms can be defined in close analogy with the the usual
positional notation for counting numbers; for any element of
w® can be written as

k

wh - my + Wt

My + WMy + My
for some k in w, where the coefficients m; are allowed to be 0.

The rules for addition and multiplication in w® are as chal-
lenging as those for arbitrary Cantor normal forms, and they
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can be introduced before arbitrary exponentiation is worked
out in Chapter 6. The tools are all there; but I think there is
no need to give a rule for raising an arbitrary Cantor normal
form to the power of an arbitrary Cantor normal form.

The chapters on ordinal arithmetic establish that ordinal
sums, products, and powers are respectively equipollent with
disjoint unions, cartesian products, and sets of finitely sup-
ported functions. It is established within each chapter that
the corresponding operation yields only countable sets when
applied to countable sets.

In Chapter 7, the Power-Set Axiom gives us uncountable
sets. That cardinal addition and multiplication are trivial is
established by use of Cantor normal forms.

For completeness, I added the topic of cofinality to an earlier
edition of the text. It allows precise computation of infinite
cardinal powers, provided one grants the Generalized Contin-
uum Hypothesis. I have never had time to talk about this in
class; but the material is in Appendix C.

Chapter 1 is an attempt to introduce foundational think-
ing in a familiar context: the real numbers. Given the real
numbers as constituting an ordered field, I define the natural
numbers as certain real numbers (which is what Spivak does).
Ultimately I prove the Peano Axioms as a theorem about these
natural numbers. Many details are left as exercises; in the class
itself, I had students present at the board their solutions (or
the solutions that they looked up).

One could however skip Chapter 1. As it is, the text in-
troduces four lists of axioms: (1) the axioms of a complete
ordered field, (2) the Peano axioms, (3) axioms for the class of
ordinals, and (4) the Zermelo—Fraenkel axioms. One could skip
the first two lists and treat the third explicitly as a theorem
whose proof is deferred. Or one could skip all but the third,
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using “naive” set theory to justify what is done with it. This
would take the course as close as possible to physics, in the
sense of being about something—the class of ordinals—that is
as real as the line composed of real numbers.

Appendix A lays out the different kinds of letters used as
symbols in the text. It might be desirable to compose math-
ematics in such a way that it could be written out with a
standard old-fashioned typewriter. However, the present text
takes advantage of the distinctions between:

e the Latin and Greek alphabets;

e the upper and lower cases;

e roman and italic “shapes”;

e plain and bold “weights,” along with “blackboard bold”

and curly fonts;

e different intervals of an alphabet.
Letters from the beginning of an alphabet are usually con-
stants; from the end, variables. This follows the convention
going back to Descartes 5] whereby, in an equation like

az® +br +c =0,

the x that is the variable or “unknown.” The a, b, and ¢ are
constant for the sake of solving the equation; but they are
still variable in the sense of having no fixed values outside the
solution of the equation. If they did have values that were
fixed throughout the text, they could be printed upright. In
this way, w is the set of natural numbers, as opposed to w,
which could be used for an arbitrary ordinal, though to avoid
confusion it is never used in this text. A sort of exception to
this rule is that & always denotes the operation of producing
the power set, while letters like 7 from the same font are
not fixed. Moreover, while f always denotes a function, I may
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use it as a variable or constant, simply because I have no sense
that there is any standard letter for a variable function. I have
the sense that ordinary language uses no variables at all; only
formalized language does. Thus we may say ¢(a), meaning
implicitly that for all a, ¢(a) is true; or we may say Vz o(z)
with the same meaning. I do find it satisfying to use a and £ in
ordinal analysis the way we use a and z in real analysis. But
making a formal distinction between constants and variables
is admittedly not all that important. I do not want students
to have to wonder about whether they should write o or £ in
a particular context.

Students should however learn to distinguish between sets
and classes. A set may be called a, A, or &7, depending on
what features are being emphasized. If it is important that the
set has elements, it may be called A; if it is important that
those elements themselves have elements, it may be called <.
A class that is not known to be a set will be A, written with a
wavy underline on the blackboard (and not with “blackboard
bold”).

In the past, I used only lower-case letters for sets, so that a
capital letter would always be a class. Now I have decided
it is better to follow the practice of ordinary mathematics
when possible, using lower-case letters to the left of the €
sign, upper-case to the right.

The course

If they learn nothing else from a course of axiomatic set the-
ory, students should learn the Russell Paradox [19]—that, or
else the Burali-Forti Paradox [2]|, which might be taken as even
more integral to the course, given that this is presented as “or-
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dinal analysis.” The paradoxes are one bit of the “mathematics
as logic” that I mentioned at the beginning. Each can be most
succinctly expressed as the theorem that a certain class is not
a set. Without classes, you have to say things like, “Not every-
thing that you might expect to be a set can be a set.” You can
say, “Not every property defines a set”; but what is a property?

Still, introducing the class as a definite concept poses dif-
ficulty. Not every writer dare be like Levy [13], who intro-
duces classes near the beginning of his text. Levy is per-
verse in another way too, by formally stating the “Axiom of
Comprehension”™—that every formula defines a set— and then
immediately proving the theorem (called “Russell’s antinomy”)
that the Axiom of Comprehension is inconsistent.

I conceive of sets as already existing. Sets are collections,
though not every collection can be expected to be a set. Here
I use the word “collection” for the most general kind of whole
that has individual elements; but the Russell Paradox keeps us
from defining a “most general” such thing in an absolute sense:
there is no collection of all collections that do not contain
themselves. In axiomatic set theory, we want to figure out
which collections are sets, or ought to be sets. Purely for our
convenience, we require every member of a set to be a set itself.
One may prefer not to consider the so-called empty set as a set;
but then one might have to say things like, “For all a, where
a is a set or @.” A similar problem arises in Euclid’s number
theory, where unity is not properly a number, but sometimes
is implicitly treated as one. In any case, since we also consider
sets to be in some sense “given,” we have no reason to think
that any new collection of sets that we may form is already
one of the given sets. This resolves the Russell Paradox.

In my 20134 class, I demonstrated Tarski’s Undefinability
Theorem [23] in the form, Not every collection of sets is even
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a class. Indeed, set theory seems to be the best context to
introduce the idea of the theorem, which originates with Godel
[8]. Godel showed how to treat every formula about (counting)
numbers as a number itself, so that, given a number theory,
one could write down a true statement about numbers that was
not provable in the theory. It is easier to do the same thing
for set theory. We assign, to every symbol in the language of
set theory, a different set. Considering it as a sequence of such
symbols, we assign, to every formula ¢ about sets, a set "p.
Then the collection of sets "o ' such that o is a true sentence
is not a class: For if it were the class defined by ¢, then some
formula 1 would define the class of "x 7 such that x("x7) is
false. In this case ¢("¢") would be true if and only if it were
false. All of this can be shown to interested students; but it is
not in the present text.

Our students at Mimar Sinan have read and presented the
propositions of the first book of Euclid’s Elements. Reading
this book with them caused me to recognize what they some-
times did not: that equality is not identity. Euclid proves that
parallelograms of the same height on the same base are equal,
before proving that parallelograms of the same height on equal
bases are equal. Equality here is congruence: simple congru-
ence of line segments, and congruence of parts in the case of
parallelograms.

With this example in mind, I prefer not to take equality of
sets for granted, but to define it as having the same elements.
In a word, equality of sets is sameness of extension. With this
approach, one needs the axiom that equal sets are members of
the same sets. One can then prove as a theorem that equal sets
are members of the same classes. This theorem is usually taken
as a logical axiom, because equality is treated as identity. In
this case, that sameness of extension implies equality must be
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taken as a set-theoretic axiom. I have swept all of this under
the rug in the present text.

In an email exchange, Ali Nesin allowed that he should have
been clearer in his MD article that the equation (1) was his
personal convention. Still, as I understand it, his approach
to set theory may not be uncommon: here, everything should
be a set, and its existence should be given by an explicit con-
struction (or at least, as in the case of a power set or a choice
function, a construction that is explicitly justified by an ax-
iom). Kunen says,

If # =0, then |J.# =0 and [).# “should be” the set of all
sets, which does not exist.

This is at |10, page 13|; Kunen does not define classes until
page 23.

I myself am not interested in giving classes the formal ex-
istence that they have in so-called von Neumann—Bernays—
Godel set theory, such as is presented by Lemmon [12]. More
formalism means more need to check that it agrees with our
informal understanding.

For students who just want to collect enough credits to grad-
uate, all of these foundational concerns can be de-emphasized.
I used to think it a reasonable exam problem to give a verbal
description of a class and ask for a formula that defines it. But
I think now that enough problems can be asked without this.
I propose that students should be able to do the following.

1. Add and multiply ordinals in their Cantor normal forms.
(Exponentiation is optional.)

2. Recognize equations of ordinals that are identities, and
supply proofs.

3. Supply counterexamples to ordinal equations that are
not identities, and identify the false steps in proposed
proofs that the equations are identities. (I recognized
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late—only in 2015-6—that the students could have dif-
ficulty in finding the false steps; but if they cannot do it,
they can hardly be said to have learned any mathematics
at all.)
4. Perform cardinal computations of Alephs and Beths with
addition, multiplication, exponentiation, and suprema.
Questions like, “Prove or disprove: every set is a class” are also
standard on my exams.
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1. Gercel Analiz

1.1. Tam sirali cisim aksiyomlari

Gergel sayilar, R tam sirali cismini olugturur. Demek ki
1) R, < bagntisi tarafindan siralanmigtir, yani
a) < bagintisi yansimasizdir,

a £ a;
b) < bagintisi gegislidir,
a<bANb<c=a<c;
2) < siralamas1 dogrusaldir,
a<bVa=0bVa>Db

3) < dogrusal siralamasi tamdir, yani R'nin bog olmayan,
iistsinir: olan her altkiimesinin en kiiciik iistsinir1 veya
supremumu vardir:

Jrre ANTeVy(ye A=y<x)=>
Jz (Vy(yeA:yéx)/\

Vz(Vy(yEA:yéz):méz));



4) R, iki-konumlu toplama ve ¢arpma iglemleri altinda
kapalidir, ve bu iglemler ile R bir cisimdir, yani

a+b=b+a, ab = ba,
a+0=a, a-1=a,
—a—+a=0, a# 0= drar=1,

a-(b+c)=ab+ ac
5) R’nin siralamasi ve cisim yapist birbirine saygi gosterir:

a<0& —a =0,
a>0ANb>0=>a+b>0Aab>0.

Her iki tam sirali cismin birbirine izomorf oldugunu, teorem
olarak kanitlayabiliriz.

1.2. Gercel sayilarin insasi

Gergel analizdeki gibi, bu béliimde R’nin var oldugunu, aksi-
yom olarak kabul ediyoruz. Fakat kiime aksiyomlarini kulla-
narak gercel sayilari insa edebiliriz. Kisaca
1) R, Q kesirli sayilar sirali cisminden elde edilir,
2) Q, Z tamsayilar sirali halkasindan elde edilir,
3) Z, N sayma sayilar1 yapisindan elde edilir.
Yukaridaki ingalar, asagidaki sekilde yapalir.
1. Her gercel say1, Oyle bir A kiimesi olur ki
a) @ C AC Q, yani A bog degildir, A'nin elemanlari
kesirli sayidirlar, ve her kesirli say1 A’nin elemam
degildir;
b) VxVy (x € ANy € QAy <z =y € A), yani A'nin
bir elemanindan kii¢iik olan her kesirli say1 A'nin
elemanidir; ve
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c) Ve Jy (t € A=y € ANz < y), yani A'nin en
biiyiik elemani yoktur.

2. Her a/b kesirli sayisy, {(x,y) € Z x (Z~{0}): ay = bz}
kiimesi olarak tanmimlanir.

3. Benzer gekilde her tamsayi, bazi a ve b sayma sayilari
igin @ — b biciminde yazilabilir, ve tamsayimnin kendisi
{(z,y) € NxN: a4y = b4z} kiimesi olarak tanimlanir.

Burada N yapisinin 6zelliklerini, Peano Aksiyomlarindan ti-
retebiliriz, ve ondan sonra R’nin tam sirali bir cisim oldugunu,
teorem olarak kanitlayabiliriz.

Peano Aksiyomlarini kullanmadan N, sifir olmayan sonlu
olan ordinal saylar tarafindan olusturulabilir. Boliim 2’de or-
dinallerin Ozelliklerini, aksiyom olarak verecegiz. Boliim 3'te
her ordinali bir kiime olarak tamimlayacagiz, ve ordinallerin
ordinal aksiyomlar: sagladigini teorem olarak kanitlayacagiz.
Bu sekilde gergel analizi, kiimeler kuraminda temellestirebili-
riz. Ayrica gerel analizin ve ordinal analizin bazi ortak 6zellik-
leri olacaktir.

1.3. Sayma sayilari

Simdilik, tam tersine, gercel sayilarin yukaridaki aksiyomlarini
varsayarak N yapisini elde edecegiz.

R’nin her A altkiimesi i¢in,

1) 1e Ave

2) A'nimn her b elemani igin b+1 € A
durumunda A’ya tiimevarimh densin. O zaman tanima gore

N = ﬂ{X C R: X tiimevarimhdir}

olsun. Bu sekilde sayma sayisi olmak i¢in gerek ve yeter ko-
sul, R'nin her tiimevariml altkiimesinin elemani olmaktir. Ge-
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nelde elemanlar:1 kiime olan her % kiimesi icin
(Z={z:VY (YeZB=zeY)}
Bu yeni kiime, B'nin kesigimidir. Ozel olarak

cnD=(){C,D}.

(A =(){Ai:i €N}

i€EN

Ayrica

Teorem 1 (Timevarim). N timevarimbdir. Ayrica N'nin tek
timevarimly altkiimesi, kendisidir.

Alistirma 1. Teoremi kanitlayin.

Bu teoreme gore tiimevarimh kanitlar yapilabilir. Yani N'nin
herhangi A altkiimesi i¢in

1) 1e Ave

2) be A=b+1€ A
ise, o zaman tiimevarimdan A = N. Bu kanitta b € A varsa-
yimi, kanitin tiimevarim hipotezidir.

Lemma 1. Her sayma saysi, ya 1’°dir, ya da bir k sayma
sayest wein k + 1 °dar.

Alistirma 2. Lemmayi kanitlayin. (Timevarim kullanin.)

Her a gergel sayist, (a—1)+1 bigiminde yazilabilir, ama a’nin
sayma sayisi oldugunda bile a — 1, sayma sayis1 olmayabilir.

Lemma 2. N dogrusal siralidir, ve her k elemani i¢cin

k<k+1.

Ayrica
kE<l=k+1</l+1.
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Alistirma 3. Lemmayi kanitlayin. (N C R oldugundan N, R'den
bazi ozellikleri alir.)

Lemma 3. En kiigiik sayma sayisy vardir, ve bu sayr 1 °dir.

Alistirma 4. Lemmayi kanitlayin. (Tiimevarim ve Lemma 2'yi kul-
lanin.)

Lemma 4. Herhangi k ve m sayma sayilary i¢in
E<mek<m+1, (1.1)
yani {r e N:x <m}U{m}={xr e Nz <m+ 1}.

Alistirma 5. Lemmayi kanitlayin. (Lemma 2'den (1.1) denkligi
m < k < m+ 1 < k bigiminde yazilabilir. Bunun bir yonii
apaciktir. Diger yon k lizerinde tiimevarim, Lemmalar 1, 2, ve 3
ile kanitlanabilir.)

Teorem 2 (Giiglu tiimevarim). A C N olsun, ve tim k sayma
sayilary i¢in

{reNiz<k}CA=keA
olsun. O zaman A = N.

Alistirma 6. Teoremi kanitlayin. ({z € N: {y € N: y < 2} C
A} kiimesi B olsun. Lemmalar 3 ve 4 ve tiimevarim ile B = N
oldugunu kanitlayin.)

Ornegin giiclii tiimevarimdan her sayma sayisi ya 1’dir ya da
asal bir say1 tarafindan boliiniir. Zira bu 0Ozelligi olan sayma
sayilar1 bir A kiimesini olugtursun. Bir m i¢cin k <mise k € A
olsun. Eger m = 1 ise m € A. Eger m asal ise m € A. Kalan
durumda bir k igin 1 < £ < m ve k | m. (Burada O zaman
k € A, ama k # 1, dolayisiyla bir p asali i¢in p | k, ve sonug
olarak p | m ve m € A. Giiglii tiimevarimdan A = N,
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Teorem 3 (Iyiswalama). N zyistraladar, yant N'nin bos ol-
mayan her altkimesinin en kiicik elemani vardar.

Alistirma 7. Teoremi kanitlayin. (A C N olsun, ama A'nin en kii-
¢ciik elemani olmasin. Giiglii timevarim ile N~ A = N kanitlayin.)

1.4. Gondermeler

Eger f, tanim kiimesi A olan ve deger kiimesi B olan bir gon-
dermeyse, bu durum

f:A— B
climlesiyle ifade edilebilir. Ayrica f’'nin kendisinin yerine
x> f(z)

isimi kullanilabilir; Sekil 1’e, Aligtirma 13’e ve Teorem 22’ye
bakin.

Eger f: A— B, C C A, g: C'— B, ve C'nin her d elemani
g(d) = f(d) ise, o zaman

g=f1C;

Teorem 10’un kanitina bakin. Eger A’dan B’ye giden birebir ve
orten gonderme varsa, bu gonderme bir eslemedir, ve verilen
kiimeler egleniktir; bu durum

A~ DB

climlesiye ifade edilir. Teorem 29’a bakin.
Herhangi A ve B kiimelerinin kartezyan carpimi vardir.
Tanima gore

Ax B={(x,y): v € ANy € B}.
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Burada
(a,b) = (c,d) ©a=cNb=d.

Eger f: A — B ise, o zaman f, A x B ¢arpiminin

{(x,f(x)) T € A}

altkiimesini belirtir.

Bir A kiimesinde tek-konumlu bir iglem, A’dan kendisine gi-
den bir géndermedir; iki-konumlu bir iglem, A x A ¢arpimindan
A’ya giden bir géndermedir.

Gergel analiz ve sayilar kuraminda tanim kiimesi N olan goén-
dermeler tanimlanip kullanilir. Ornegin 2 +— ! géndermesi
icin

=1, (k+1)!=(k+1) k!
ozyineli tanimi verilir. Bu tanim neden gecerli midir?
Tanimin gecerliligi i¢cin N tiimevarimli olmalidir, ama bunu

Teorem 1’den biliyoruz. Ayrica N, gergel sayilarin ¢arpmasi
altinda kapali olmalidir.

Teorem 4. Tiim a ve b gercel sayilar:y i¢in
aeNAbEN=a+beNAa-DeN.

Alistirma 8. Teoremi kanitlayin.

Simdi 1 € N, ve ayrica N'nin herhangi k£ elemani i¢in eger
k! € N ise, o zaman (k + 1) - k! € N. Bu gekilde z +— z!
gondermesi tanmimlanabilir mi?

e Tilimevarim veya giiclii tiimevarim ile bir kiimenin N ol-
dugu kamtlanabilir; ama {z € N: z! tamimlanir}, iyi ta-
nimlanmig bir kiime degildir.
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{1} C N r—x+1 N
g g g
b}———A———A4

Sekil 1.: Ozyineleme

e lIyisiralama ile N'nin bos olmayan bir altiimesinin ele-
mani bulunabilir; ama x +— z! géndermesi, N'nin bir
eleman1 degildir.

Bagka bir teoreme ihtiyacimiz vardir.

Teorem 5 (Ozyineleme). Bir A kiimesi i¢in
1) be A,
2) frA—= A
olsun. O zaman N’den A’ya giden bir ve tek bir g gondermesi
1cin
1) g(1) =b,
2) her k sayma sayst i¢in g(k + 1) = f(g(k)).
Sekil 1°e bakin.

Ornegin A =Nx N, b= (1,1), ve

fla,y) = (z+1,(z+1)-y)
olsun. O zaman bir ve tek bir g gondermesi i¢in g’'nin tanim
kitmesi N, g(1) = (1,1), ve gk + 1) = f(g(k)). Simdi g(k),
(91(k), g2(k)) olarak yazilsin. Ttmevarimdan g¢;(k) = k. Bun-
dan dolay1

gk +1)=(k+1)- ga(k).
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Ayrica go(1) = 1. Boylece k!, go(k) olarak tanimlanabilir.

Ozyineleme Teoremi kaniti. Bir ve tek bir h gondermesi icin
1) gondermenin tanim kiimesi, N'nin tek-elemanh {1} alt-
kiimesidir, ve
2) h(1) =b.
Bu gonderme hy olsun.
Tiimevarim hipotezi olarak bir m sayma sayisi i¢gin, bir ve
tek bir A gdndermesi igin
1) gondermenin tamm kiimesi, N'nin m elemanh {1,...,m}
altkiimesi olsun,
2) h(1) = b olsun, ve
3) k<mise h(k+1)= f(h(k)) olsun.
Bu génderme h,, olsun. O zaman bir ve tek bir h géndermesi
i¢in

1) gondermenin tanim kiimesi, {1, ..., m+1} altkiimesidir,
2) h(1) =b, ve
3) k<m+1lise h(k+1)= f(h(k)).

Zira boyle bir h varsa, o zaman h [ {1,...,m} ve h,, gon-

dermelerinin ozellikleri aynidir, dolayisiyla h,, gondermesinin
biricikliginden & [ {1,...,m} = h,,. Bu sekilde A’nin tanim

(2) = {hm(x), x < m durumunda, (12)

f(hm(m)), x=m+1 durumunda

olabilir. Ayrica h | {1,...,m} = h,, olmahdir, dolayisiyla
R’nin kendisi, (1.2) esitligini saglamaldir. Bu h gondermesi
R olsun.

Tiimevarimdan, her n sayma sayisi i¢in, {1, ..., n} kiimesin-
den giden bir be tek bir h,, géndermesi i¢in h, (1) =bve k <n
ise h,(k+ 1) = f(h,(k)). Ayrica

g1 (m 4+ 1) = f(hm(m)).
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Simdi g(z) = h,(x) olsun. O zaman

g(l) = hl(l) =0,
gk +1) = hia(k + 1) = f(hi(k)) = fg(F)).
Bu sekilde g, istedigimiz gibidir. Bir h gondermesinin istedigi-
miz Ozelligi varsa
h(1) =b=g(1),

ve h(m) = g(m) ise

h(m +1) = f(h(m)) = f(g(m)) = g(m +1).

Bu sekilde her k sayma sayisi i¢in h(k) = g(k), dolayisiyla
h=g. O

Baz1 yapilarda tiimevarim kullanilabilir, ama 06zyineleme
kullanilamaz. Ornegin p asal ise, Fermat Teoremine gore her-
hangi a tamsayisi i¢in

a’ =a (mod p). (1.3)

Tiimevarim ile bu teoremi kanitlayabiliriz, zira 17 = 1, ve ay-
rica b? = b ise, o zaman

(b+ 1) =t 4 pb*~' + (g)bp2+~-~+ (p€2)62+pb+1

=0V+1=0+1 (modp),

¢inki 0 < k < pise k | (i) Neden bu kanit gecerlidir? Sayilar
kuramindan

a=a ANb=b
=a+b=a;+b ANab=aby (modp). (1.4)
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Z,, tamsayilarin p’ye gore kalandaghk smiflar1 kiimesi olsun.
Bu sekilde

Z,={lz]:z€Z}, [Kl={reZ:z=k (modp)}
O zaman Z, = {[1], .., [p]}. Ayrica (1.4) gerektirmesine gore
[a] +[b] = [a + 0], [a][0] = [ab]
tanmlan gecerlidir, ¢iinki
[a] = [a1] A [B] = [b1] = [a + 8] = [a1 + bi] A [ab] = [aby)-

Simdi A C Z, ve [1] € A olsun, ve [k] € Aise [k+1] € A olsun.
O zaman tiimevarimdan A = Z,. Zira B = {z € N: [z] €
A} olsun. O zaman 1 € B, ¢iinkii [1] € A. Ayrica k € B
ise, o zaman [k] € A, dolaywsiyla [k + 1] € Ave k+ 1 € B.
Tiimevarimdan B = N. Ozel olarak {1, ...,p} C B, dolaysiyla
Z, = A.

Yukaridaki gosterdigimize gore 1P = [1], ve [b]P = [b] ise
[b+1]? = [b+ 1]. O zaman tiimevarimdan her a tamsayisi igin
[a]P = [a], yani (1.3) kalandaghg1 dogrudur.

Boylece Z,, yapisinda tiimevarim yontemi gecerlidir; ama 6z-
yineleme yontemi gecerli degildir. Ornegin Zs yapisinda hicbir
tek-konumlu ¢ iglemi ic¢in

g(1]) = 2, g([k +1]) = [K][2]

gD =M=0L 9B =102,  g(@4)=0]
ama [4] = [1] oldugundan g([4]) = g([1]) = [2], ve [2] # [1].

Alistirma 9. Ozyineleme Teoreminin yukardaki kaniti, N'nin
hangi dzelliklerini kullanir?
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1.5. Peano Aksiyomlari

Ozyineleme Teoreminin bagka bir kanit: vardar.

Ozyineleme Teoremi ikinci kanatr. Birinci kamttaki gibi, iste-
digimiz 6zellikleri olan bir gonderme varsa, tek bir érnek var-
dir.
Simdi elemanlar1 génderme olan bir % kiimesini tanimlaya-
cagiz. € 'nin her h elemani igin,
1) h’nin tanim kiimesi N'nin bir altkiimesidir, ve
2) herhangi ¢ sayma sayisi igin, h(¢) tamimlanirsa, o zaman
a) yal=1ve h({) =0,
b) ya da bir k sayma sayisi i¢in £ = k+ 1, h(k) tanim-
lanir, ve

h(€) = f(h(k)).

Lemma 1 sayesinde istedigimiz gibi g gondermesi varsa % ’nin
elemanidir. Her k£ sayma sayisi i¢in, A'nin bir ve tek bir d
elemani igin, ¢’nin bir h elemam i¢in h(k) = d gosterecegiz.
Bu sekilde g(k) = d tanimlanabilir.

Yukaridaki 6zelligi olan k sayma sayilari, F kiimesini olug-
tursun. Tanim kiimesi {1} olan bir h gondermesi i¢in h(1) = b.
O zaman h € €. Ayrica % ’nin herhangi h eleman: igin h(1)
tammlanirsa, o zaman h(1) = b olmahdir, ¢linkii hi¢ k& sayma
sayisi icin £ + 1 = 1 degildir. Bu sekilde 1 € E.

Simdi k£ € F olsun. O zaman A’'nin bir ve tek bir d eleman
i¢in, ¢’nin bir h elemani igin A(k) = d.

1. Eger h(k+1) tanimlanirsa, o zaman %'nin tanumina gore
h(k +1) = f(d), ¢linkii k4 1 # 1, ve ayrica herhangi ¢
sayma sayisl i¢in eger { + 1 = k + 1 ise, o zaman ¢ = k.

2. Eger h(k + 1) tanimlanmazsa, o zaman yeni bir h* gon-
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dermesi icin

() = h(z), eger h(x) tanimlanirsa,
C\f(d), egerz=k+1.

O zaman h* € € ve h*(k +1) = f(d).
Bu sekilde, her durumda, 4 nin bir h eleman i¢in h(k+1) =
7(d).

Miimkiimse d* € A, d* # f(d) olsun, ama % nin bir h ele-
mani i¢in h(k+ 1) = d* olsun. O zaman k+ 1 # 1 oldugundan
bir ¢ sayma saywst i¢in £ + 1 = k + 1, h(f) tamimlanir, ve
d* = f(h(f)). Ama bu durumda ¢ = k, dolayisiyla h(¢) = d ve
d* = f(d).

Sonug olarak k£ 4+ 1 € E. Ttimevarim ile £ = N. O

Yukaridaki kanit, sadece N'nin asagidaki 6zelliklerini kulla-
nir:
. leN
. keNise k+1€eN.
. Tiimevarim yontemi gecerlidir.
. Her k sayma sayist i¢in 1 # k + 1.
. Tim k ve ¢ sayma sayilar1 i¢in k +1 =0+ 1 ise k = (.
Bu o6zelliklere Peano Aksiyomlar1 denir. Peano Aksiyom-
lar1, N'de iki-konumlu toplama igleminin tanimlandigini var-
saymaz; sadece tek-konumlu x — z 4+ 1 islemi vardir. Ama
ozyineleme yontemiyle N'de toplama ve carpma islemlerini ta-
nimlayabiliriz:

U W N+

a+b+1)=(a+b+1, a-1=a, a-(b+1)=ab+a.

Timevarim ve kalan Peano Aksiyomlar: ile toplamanin ve
carpmanin Ozelliklerini kanitlayabiliriz; ayrica N'nin siralama-
sin1 tanimlayip oOzelliklerini kanitlayabiliriz. Ondan sonra yu-
karidaki gibi Z, Q ve R yapilarini elde edebiliriz.
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Tam tersine tam sirali cisim aksiyomlarini kullanarak N yapi-
sin1 inga ettik ve onun Peano Aksiyomlarini sagladigini teorem
olarak kamtladik. (Teorem 1 ve Lemmalar 2 ve 3’e bakin.)

Sayma sayilarina sifir1 ekleyerek dogal sayilar1 elde ederiz.
Dogal sayilar, sonlu ordinallerdir. Sonsuz ordinaller de var-
dir. Ordinallerin aksiyomlarini kullanarak toplama ve ¢arpma
iglemlerini tamimlayayip oOzelliklerini kanitlayacagiz. Ondan
sonra kiime aksiyomlarimi kullanarak ordinalleri insa edece-
giz. Bu sekilde bildigimiz tiim matematik, kiime aksiyomlari
tarafindan gerektirilir.
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2. Ordinal sayilar

Kiimeler kuramimizda her kiimenin her elemani, bir kiime ola-
caktir. (Bu sekilde “elemanlar1 kiime olan kiime” ifadesi gerek-
siz. kilinacaktir.) Bir kiime bog olacaktir, ve bu kiime,

%)
olarak yazilir. Ayrica
0=0 (2.1)
tanimlayacagiz. Herhangi a kiimesi i¢in
a =aU{a} (2.2)
tanimlayacagiz. Ayrica
1=0, 2=1 3=2, 4=3, (2.3)
olacaktir. O zaman 0, 1, 2, 3, . . ., dogal say1 olacaklardir. Do-

gal sayilar, sonlu ordinal olacaklardir, ama sonsuz ordinaller
de var olacaktir. Ornegin

w=A{0,1,2,...}, (2.4)

ve w, en Kkiiciik sonsuz ordinal olacaktir.

Simdilik (2.1), (2.2), ve (2.4) tammlarm kullanmayacagiz.
Boliim 3’te, kiime aksiyomlarini kullanarak, ordinalleri tanim-
layip 6zelliklerini teorem olarak kanitlayacagiz; ama simdilik
ordinallerin agagida verilen 6zelliklerini aksiyom olarak kabul
edecegiz.

18



2.1. Kumeler ve siniflar

Ordinaller bir
ON

stmifini olusturacaktir. Biz zaten Z, yapisini tanimlamak icin
denklik sinaiflary kullandik. Normalde bir denklik siifi bir kii-
medir. Ashinda her kiime bir smiftir, ama her simf bir kiime
degildir.

Her sinif tek serbest degiskeni olan bir formiil tarafindan ta-
mimlanir. Ornegin birazdan kullanacagimiz

T € a,
reAsreB,
reces T Eed,

ré¢x

ifadeleri, serbest degigkeni x olan formiildiirler. (Formiillerin
resmi tammi igin, B Eki'ne bakm.) Eger ¢, tek serbest de-
giskeni olan bir formiil ise, o zaman ’'nin tanimladigi sinifin
elemanlar1, ¢’yi saglayan kiimelerdir, ve sinifin kendisi

{z:p(2)}

olarak yazilabilir. Siniflar biiyiik siyah harfler de ile gosterece-
giz. Kii¢iik harfler her zaman kiime olacaktir. Ornegin

A ={z: p(r)}
ise, o zaman her b kiimesi i¢in
be A<s o).

Her kiime bir sinifa esittir. Ozel olarak her a kiimesi icin

a={x:x€a}.
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Genelde elemanlar: ayni olan simiflar ve kiimeler esittir:

A=B&Vr(re As e B),
c=d&e Ve (recered).

Teorem 6 (Russell Paradoksu). Her sunif bir kiimeye esit de-
gildir. Ornegin {x: x ¢ x} sinafo bir kimeye egit degildir.

Kanat. x ¢ x formiili ¢(x) olarak yazilsin. Eger {z: ¢(x)} = a
ise, o zaman her b kiimesi i¢in

bea<s pb).
Ozel olarak a € a < ¢(a), yani
a€asada

ama bu bir ¢eligkidir. Bu gekilde {x: x ¢ x} simfi, bir a kii-
mesine esit olamaz. ]

Oklid’de esitlik, aymlik degildir. Ikizkenar bir iicgenin iki
esit kenar1 vardir. Bu kenarlar iki oldugundan birbiriyle ayni
degildir. Ama esit siniflar ayn1 olarak diisiintilebilir.

2.2. Ordinallerin ozellikleri

Kiiciik Yunan harfleri her zaman ordinal gosterecektir. Ozel
olarak «, (8, v, 9, ve 6, sabit ordinaldirler, ama &, n, ve (,
ordinal degiskendirler. Ornegin

{€:0@©)={n: e} ={¢: 0(Q)} = {z: 2 € ONAp(z)}.

Simdilik aksiyom olarak kabul edecegimiz ON’nin ozellikleri
asagidadir.
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1. En az bir ordinal vardir.
2. ON iyisiralidir.
3. Her ordinal i¢in, daha biiyiik ordinal vardir.

4. ON'nin herhangi altkiimesinin ON’de olan tistsinir1 var-
dir.

5. Herhangi a i¢in {£: & < a} smifi bir kiimedir.

6. Herhangi F' tek-konumlu ordinal iglemi igin, herhangi «
icin {F(£): € < a} simf1 bir kiimedir.

7. Bir aigin {¢: & < a} kiimesi sonsuzdur.

Aslinda her « ordinali, {{: £ < o} kiimesinin kendisi olarak
tanimlanabilecektir; ama gimdilik bu tanimi kullanmayip sa-
dece yukaridaki yedi ozelligi kullanacagiz.

Teorem 7 (Burali-Forti Paradoksu). ON kiime degildir.

Kanat. Her ordinalin daha biiyligii oldugundan ON’nin en
biiyiik eleman1 yoktur, dolayisiyla ON'nin ON’de olan iist-
sinir1 yoktur. ON’nin her altkiimesinin iistsinir1 oldugundan
ON'nin kendisi kiime olamaz. O

Simdi 0, en kii¢iik ordinal olarak tanimlansin, ve herhangi o
ordinali i¢in
o =min{{: a < &} (2.5)
tamimlansin. Bu sekilde o/, a’nin ardili, yani o’dan biiytik
olan ordinallerin en kiigiigiidiir. Simdi yukaridaki (2.3) tanim-
larim1 kullanabiliriz. Ne sifir ne bir ardil olan ordinal, bir li-
mittir.
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Teorem 8. Sifir olmayan bir o ordinalinin limit olmast i¢in
gerek ve yeter kosul,

f<a=f <a.
Alistirma 10. Teoremi kanitlayin.

Eger {{: ¢ < a} kiimesi sonlu ise, a’ya da sonlu densin;
diger durumda, sonsuz. O zaman en kiigiik sonsuz ordinal bir
limittir, ve her limit ordinali sonsuzdur. En kii¢iik limit

w

olsun. O zaman {{: £ < w}, dogal sayilar kiimesidir.

Teorem g (Ordinal Tiimevarim). A C ON olsun. Eger
1) 0€ A,
2) Her 3 i¢in
BeA=p €A,

3) her ~y limiti i¢in
{£: <y} CA=9€ A
ise, o zaman A = ON.

Kanat. Verilen kogullar altinda ON ~ A farkinin en kiigiik
elemani olamaz. Zira miimkiimse o = min(ON ~\ A) olsun.

1. a=01ise o € A.

2. a = [ ise f < a oldugundan 5 € A, ama bu durumda
B € A, yani a € A.

3. Varsaymmimiza gore § < « ise € A. Bu sekilde

{{: < a} C A

Eger « bir limit ise, o zaman a da A’nin elemani olmalidir.
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Bu sekilde her ordinal ya 0, ya bir ardil, ya da bir limit
oldugundan o € A, ama a = min(ON \ A) varsayimina
gore a ¢ A. Oyleyse varsayim imkansizdir. ON'nin her bos
olmayan altkiimesinin en kiigiik eleman1 var oldugundan ON ~
A = g, dolayisiyla A = ON. O

Ordinal tiimevarim ile Teorem 10’u, Teorem 12’yi, Teorem
21’1, ve daha sonraki teoremler kanitlayacagiz. Ordinal tiime-
varim kullanilan bir kanitin ti¢ adimi vardir:
1) sifir adimu,
2) ardil adimi, ve
3) limit adimu.
Ayrica kanitta iki tlimevarim hipotezi vardir. Ordinal Tiime-
varim Teoremini yazarken kullandigimiz harflerde,

e ardil adimimin hipotezi, 5 € A;

e limit adiminin hipotezi, {£: £ <~} C A, yani

VE(E<y=E€ A).

Teorem 10 (Ordinal Ozyineleme). Varsayimlarimaz,
1) 8 € ON,
2) F: ON — ON.
O zaman bir ve tek bir H ordinal islemi i¢in
1) H(0) =40,
2) her B ordinali i¢in H(3') = F(H(B)),
3) her ~y limiti i¢in H () = sup{H (§): £ < v}.
<

Kanat. Her « igin, tanim kiimesi {£: £
bir h, gondermesi i¢in,

1) ha(0) =0,

2) B <aise ho(B') = F(ha(B)),

3) v < a ve limit ise h,(7y) = sup{ha(§): &€ < v}.
Bunu kanitlamak i¢in, ordinal tiimevarim kullanacagiz.

a} olan bir ve tek
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1. ho, ho(0) = 0 ile tanimlanabilir ve tamimlanmalidir. Yani
a = 0 durumunda iddia dogrudur.
2. Eger a = § durumunda iddia dogru ise hg,

i (€) = hs(§), ¢ < 0 durumunda,
S F(hs(0)), €& =¢" durumunda

kurali tarafindan tanimlanabilir. Ayrica hs bu sekilde tanim-
lanmalidir, ¢linkii hipoteze gore

ho [{§:§ <6} = hs

olmalidir. Bundan dolay1 o = ¢’ durumunda iddia dogrudur.

3. Benzer gekilde bir ¢ i¢in @ < ¢ durumlarinda iddia dogru
ise, 0 zaman a < < 0 durumlarinda h,(a) = hg(a). Eger
ayrica 0 bir limit ise, o zaman hs,

() = he(§), ¢ < ¢ durumunda,
0 sup{he(§): € <0}, €& =6 durumunda

kurali tarafindan tanimlanabilir ve tanimlanmalidir, ve bu se-
kilde @ = ¢ durumunda iddia dogrudur.

Ordinal tiimevarimimz bitti. Simdi H (§) = he(§) tammla-
nabilir ve tanimlanmalidir. O

Boliimler 4, 5, ve 6’da ordinal 6zyinelemeyle ordinal top-
lama, carpma, ve kuvvet alma iglemlerini tanimlayacagiz.

2.3. Normal islemler

Simdi F'| herhangi tek-konumlu ordinal iglem olsun. Ordinal
aksiyomarma gore {F'(£): £ < a} smufi her zaman bir kiime-
dir, ve bu kiimenin tistsinir1 vardir. Ayrica ordinaller iyisira-
lanmig oldugundan {F'(§): £ < a} kiimesinin iistsimrlarinin
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en kiiciigii vardir, yani kiimenin supremumu vardir. Bu sup-
remum,

sup{F'(&): & < a}, sup F'(§)

(<a
sekillerinde yazilabilir.

Teorem 11. Her o ordinali i¢in

0, «a=0 durumunda,
sup{¢: E <a} =<8, o=/ durumunda,

a, a’mn limit oldugu durumda.

Alistirma 11. Teoremi kanitlayin.
Alistirma 12. {¢': £ < a} kiimesinin supremumunu hesaplayin.

Eger
a<f=Fla) < F(f)

ise, o zaman F' artandir. Eger
a<f=F(a) < F(p) (2.6)

ise, o zaman F' kesin artandir. Eger
1) F kesin artan ve

2) her « limiti i¢in F'(«) = sup{F'(§): £ < a}
ise, o zaman F'’ye normal densin.

Alistirma 13. £ — £’ isleminin kesin artan olup normal olmadigini
gosterin.

Alistirma 14. Normal olan bir islem 6rnegi verin.

Sonraki teoremin ilk kullanimi, Teorem 22’nin kanitinda ola-
caktir.
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Teorem 12. F': ON — ON olsun. Eger

1) her a i¢in F(a) < F(o) ve

2) her a limiti i¢in F(a) = sup{F'(§): { < a}
1se, o zaman F normaldir.

Kanat. F’nin kesin artan oldugunu gostermek yeter. (2.6) ge-
rektirmesini 3 iizerinden tiimevarim kullanarak kanitlayacagiz.
1. B = 0 ise, (2.6) iddiasi dogrudur, ¢linkii higbir zaman
a < 0 degildir.
2. f =7 durumda (2.6) iddia dogru olsun. Eger @ < v/ ise,
o zaman « < 7, dolayisiyla

F(a) < F(y [timevarim hipotezi]
< F(¢). [varsayim)]

3. 7 limit ve av < 7y ise, 0 zaman « < o’ < 7, dolayisiyla

F(a) < F(d) [varsayim)]
<sup{F(§): £ <~} [supremumun tanimi|
= F(v). [varsayim)]
(Bu adimda bir tiimevarim hipotezi kullanilmiyor.) 0

Sonraki teoremin ilk kullanimi, Teorem 23’iin kanitinda ola-
caktir.

Teorem 13. F: ON — ON wve normal olsun. O zaman
ON ’'nin bos olmayan her A altkiimesi i¢in

F(sup(A)) = ilelgF(f)- (2.7)
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Kamit. A kiimesinin supremumu « olsun. F' kesin artan oldu-
gundan § € A ise F(5) < F(«). Bundan dolay1, eger o € A
ise, 0 zaman

sup F'(§) = F(a),

ceA
yani (2.7) dogrudur. Simdi a ¢ A olsun. O zaman « ardil ola-
maz. A bog olmadigindan o = 0 olamaz, dolayisiyla o limittir.
Bu durumda F' normal oldugundan

F(o) = sup F(&). (2.8)
Ayrica
sup F'(£) < sup F(¢), (2.9)
EeA E<a

giinkii A C {£: € < a}. Eger f < « ise, A'nin bir 7 elemamni
igin # < v < a, dolaysiyla F(8) < F(7) < supgeq F(§). Bu
sekilde
sup F'(¢) < sup F(§). (2.10)
E<a EeA
Sonug olarak (2.8), (2.9), ve (2.10) beraber (2.7) esitligini tek-
rar gerektirir. O

2.4. Siureklilik

Normallik kavraminin yerine gercel analizden gelen stireklilik
kavramini kullanabiliriz. Ordinallerde, kesin artan bir iglemin
normal olmasi i¢in gerek ve yeter bir kosul, iglemin siirekli
olmasidir. Bu sonugu kurmak, bu altboliimiin isidir.

Tekrar F': ON — ON olsun. Varsa, F’nin bir noktadaki
siirekliligi gercel analizdeki gibi tanimlanir. Aslinda eger

B<F(a) <y
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kogulunu saglayan herhangi 8 ve 7y icin, bazi ¢ ve 6 igin,
d<a<OANYE(D<E<O=PB<F(E) <)

ise, o zaman F'| o’da siireklidir. Eger F(a) = 0 veya o = 0
ise, o zaman § = —1 veya 0 = —1 olabilir. Benzer sekilde
soldan ve sagdan olan stireklilik tanimlanabilir.

Lemma 5. ON de her tek-konumlu islem, limit olmayan her
noktada streklidir ve her noktada sagdan streklidir.

Alistirma 15. Lemmayi kanitlayin.
Gergel analizdeki gibi F': ON — ON ise
limsup F'(§) = min{ sup F(§):n< 04}
E—a~ n<é<a
tamimini yapariz.

Lemma 6. F': ON — ON wve artan ise
limsup F(§) = sup F(&).

E—a~ {<a
Alistirma 16. Lemmayi kanitlayin.

Lemma 7. F: ON — ON olsun. F' bir o limitinde streklidir
ancak ve ancak
limsup F(§) = F(a).

E—a~
Alistirma 17. Lemmayi kanitlayin.

Teorem 14. F: ON — ON ve kesin artan olsun. O zaman
F normaldir ancak ve ancak her noktada streklidir.

Alistirma 18. Teoremi kanitlayin.

Alistirma 19. Siirekli olup normal olmayan bir islem 6rnegi verin.
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3. Kiume aksiyomlari

Bu boliimde ON'nin sayfa 21’deki 6zelliklerini ve

a={:¢<a} (3-1)

tanimlama imkanini, kiime aksiyomlarindan elde edecegiz. Bo-
limler 4, 5, ve 6’da sadece (3.1) esitligini kullanacagiz.

3.1. Ordinaller varsa

Tanima gore

g={z:zecxhx ¢z}
aU{b}={z:x€aVar=0>}

AKSIYOM 1 (Bos Kiime). @ bir kiimedir.

AKSIYOM 2 (Bitistirme). Tiim a ve b kiimeleri igin aU{b}
bir kimedir.

AKSIYOM 3 (Yerlestirme). Her F' gondermesi igin, eger bir
A kiimesinin her b elemana i¢in F(b) tanimlanirsa, o zaman

(F(2): z € a}

swnafr bir kimedir.
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Teorem 15. ON 'de tanimlanan bir F gondermesi i¢in, her
Qa iein
F(o) ={F(£): { <a},

ve sonu¢ olarak, tim o ve 3 icin

a< B F(a) e F(B), }

a <o F(a) C F(f). (3-2)

Kanat. Yerlestirme Aksiyomu sayesinde, Ordinal Ozyineleme
Teoreminin kanitinin yontemini kullanarak

1) F(0) =2,

2) F(a') = F(a) U{F(a)},

3) « limit ise

F(a) ={F(): £ <a} (3-3)

kosullarimi saglayan bir F' gondermesinin var oldugunu kanit-
layabiliriz. O zaman ordinal tiimevarimdan her « i¢in (3.3)

dogrudur. O halde
o < B = F(a) € F(B),
a< fB= F(a) C F(3).
Tersleri de dogrudur. Zira F'(a) € F(f) ama § < « ise, o

zamall

F(a) € F(a).

Bu durumda bir v i¢in v < a ve F(a) = F(y), dolaysiyla
F () € F(v). O halde bos olmayan {{: F(¢) € F(§)} siufinin
en kiiciik eleman yoktur, ki bu geligkidir. Sonug olarak (3.2)
dogrudur O

Her A simifi igin

UA:{x:EIy(yGA/\xE?J)}
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olsun. Bu yeni siif, A'nin bilesimidir. Ozel olarak
BuUC =| J{B,C}.

Sonug. Teoremde F' birebirdir, dolayiswyla F (&) = & varsayi-
labilir. Bu durumda

a={{:{<a},

a<fBesaefsacf.

Ayrica B C ON ise

supB:UB.

Alistirma 20. Sonucu kanitlayin.

Simdi ON'nin sonugtaki gibi oldugunu varsayalim. O za-
man ON, € bagintis1 tarafindan iyisiralanmigtir, ve siifin her
elemani simifin bir altkiimesidir. Ayrica, sinifin her elemani-
nin ayni Ozellikleri vardir (yani eleman € bagintisi tarafindan
iyisiralanmigtir, ve elemanin her elemani elemanin bir altkii-
mesidir).

Herhangi A smifi i¢in

Ve(re A=xCA)
ise, o zaman A gegiglidir. Gegisli kiimeler
Yy (yEx:>Vz(zEy:>z€x))

formili tarafindan tanimlanmig sinifi olusturur. Ayrica € ta-
rafindan dogrusal siralanmig kiimeler

Vylyex=y¢y) A
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Yy Vz Yu (yEx/\zEx/\uExé
(yeEzAz€Uu=y€Eu)A
VyVz (yexNze€x=>y€ezVy=2VyE2)

formiilii tarafindan tanimlanmis sinifi olusturur. Bu formdiil
@(x) ise € tarafindan iyisiralanmig kiimeler

o(x) ANy <Vz(z€yz>z€x)/\§|zz€y:
32(26yAVu(u€yz>z€qu:u))>

formiilii tarafindan tanimlanmis sinifi olusturur.

3.2. Ordinaller vardir

Simdi sayfa 21’deki 6zelliklerini unutunca, yeniden her ordi-
nali,

1) gegisli ve

2) € tarafindan iyisiralanmig
bir kiime olarak tanimlariz. O zaman ordinaller bir sinif olug-
tururlar. Onceki gibi bu sinif ON olsun, ve ON’nin elemanlarr,
kii¢iik Yunan harfleriyle yazilsin. Sadece kiime aksiyomlar: kul-
lanarak, sayfa 21’deki 6zellikleri teorem olarak elde edecegiz.

Teorem 16. ON gecislidir, yani her ordinalin her elemana bir
ordinaldir.

Kanit. o € ON be b € a olsun. O zaman b C «, dolayisiyla «
gibi b, € tarafindan iyisiralanmigtir.

Simdi ¢ € b olsun. O zaman ¢ € a, dolayisiyla ¢ C . Ozel
olarak d € c ise d € a. Bu durumda d, ¢, ve b, a’'nin elema-
nidirlar, ve d € ¢ ve ¢ € b, dolayisiyla d € b ¢iinkii a’da €
geciglidir. Sonug olarak ¢ C b. O halde b geciglidir. O
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Lemma 8. ON, € tarafindan siralanmastir, yani ON 'de €,
yansimasiz ve gecislidir.

Kanit. @ € ON olsun. a’da € bagmntis1 yansimasiz oldugun-
dan a ¢ a, ¢linkii o € « ise a’min bir 8 elemani i¢in § € S.
Eger 5 € a ve v € (3 ise, a gegigli oldugundan v € a. O

Her ordinalin bog olmayan her a altkiimesinin, € baginti-
sina gore en kii¢iik elemanidir. Buradaki a’nin yerine bir sinaf
kullanmak isteriz. Sonraki aksiyomu kullanacagiz.

AKSIYOM 4 (Ayirma). Her kiimenin her altsinfi bir kime-
dir.

Bu gekilde her a kiimesi ve {z: ¢(z)} simfi igin
{r:xeanyp(x)}

sinifi bir kiimedir. Bu kiime

{z €a: p(x)}
olarak yazilabilir.
Lemma g9. ONde € ve C swralamalary aynidar.

Kanat. Kanitin iki parcasi vardir.

‘a eEBf=aCpA ‘ a € B olsun. B gecisli oldugundan a C
B. f’da € yansimasiz oldugundan « # . Bu sekilde o C f.

‘a CB=>ac ﬁz‘oz C B olsun. O zaman S\ « kiimesi bos
degildir. v = min(f \ a) olsun. O zaman v € /3. Biz
kanitlayacagiz. Bu kanitin iki parcasi vardir.

0 € v olsun. O zaman [ gegisli oldugundan 6 € (.
Ayrica 0 ¢ 0\ «, ¢iinkii 6 € min(f \ «). O halde ¢ € a.
Boylece v C a.
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0 € a olsun. O zaman ¢ € 3, ¢linkii @ C f, do-
layisiyla § ¢ B~ a. Ama § € v, § = v, veya v € J; ve son
iki imkan olmaz. Zira v € 8 \ « oldugundan ¢ # v; ve v ¢ «
oldugundan v ¢ 4, ¢linkii 6 € a. Bu gekilde o C 7. O

Simdi ON'nin € veya C siralamasini < olarak yazabiliriz.

Lemma 10. ON 'nin < swralamast dogrusaldar.

Kamit. o £ B olsun. gosterecegiz.

Varsayimdan o Z f3, dolayisiyla oo\ 5 # @. v = min(a \ f3)

olsun. O zaman v € «, yani v < a. gosterecegiz.

d € v olsun. O zaman § < min(a \ 3), ama J € a,
dolayisiyla 6 € S.

v € a~ S oldugundan vy ¢ 3, yani v ¢ 3. O]

Teorem 17. ON 'nin < dogrusal siralamas: bir wyisiralamadar.
Aslinda ON "nin bos olmayan her altsimifinin en kii¢ik elemana
vardar.

Kanit. A C ON ve a € A olsun.
e aNA=¢ise « =min(A).
e aNA#@ise min(wN A) = min(A). O

Simdi Teorem 16 ve 17°"den ON hem gecisli hem € tarafin-
dan iyisiralanmigtir. Tanima gére ON'nin elemanlarinin ayni
ozellikleri vardir. Ama ON € tarafindan siralanmig oldugun-
dan kendinin elemani olamaz. Bu sekilde ON kiime olamaz.

Bu sonug, Teorem 7 olarak gordiigiimiiz Burali-Forti Para-
doksudur.

Teorem 18. @ € ON ve @ € ON ise a U {a} € ON, ve
ayrica her B ordinali i¢in

f<aVaU{a} Cp.
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Alistirma 21. Teoremi kanitlayin.
Simdi
0=0, o =aU{a}
tanimlayabiliriz.

AKSIYOM 5 (Sonsuzluk). Ne limit olan ne limit iceren or-
dinallerin olusturdugu sinif bir kimedir.

Sonsuzluk Aksiyomu tarafindan verilen kiime, w’dir.
AKSIYOM 6. Her kiimenin bilestma bir kiumedir.

Teorem 19. Sayfa g2’de tanvmlanmis ON swnife, Sayfa
21°dekr ozelliklert saglar.

Alistirma 22. Teoremi kanitlayin.
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4. Ordinal Toplama

4.1. Tanim ve oOzellikler

Ozyineli tanima gére her o ordinali icin

a+0=q, (4.1)
a+p'=(a+p), (4-2)
v limit ise a + v = sup{a + &: £ < v} (4.3)

Ordinal toplamanin 6zelliklerinin gogu, tiimevarim ile kanitla-
nir; ama ilk teoremimiz, tiimevarimdan degildir.

Teorem 20. o+ 1 = «o'.

Kanat. a+l=a+0 [(2.3) tammindan]
= (a+0)" [(4.2) tanimindan]
4.

=a. [(4.1) tanimindan] O
Teorem 21. Her a i¢in 0+ a = a.

Kamit. Ordinal tiimevarim kullanacagiz.
1. Eger a =0 ise

0+a=0+0 [varsayimdan|
=0 [(4.1) tanimindan|
= . [varsayimdan|

36



2. Eger

0+8=5 (4-4)
ise, o zaman
0+5 =(0+p) [(4.2) tanimindan)]
=07 [(4.4) hipotezinden]
3. Bir « limiti i¢in
VE(§<a=0+=¢) (4-5)

ise, o zaman

O+a=sup{0+&:E<a} [(4.3) tanimindan|

=sup{¢: £ < a} [(4.5) hipotezinden)]
=a. [Teorem 11’den] O

Alistirma 23. Asagidaki kanit nerede yanhstir?

Her o icin 1 + a = o' kanitlayacagiz.
1.1+40=1=0.
2. 14+ 8=/ ise, 0 zaman

1+ =01+B)=(B)"
3. ylimitve V€ (§<y=1+&=¢) ise
1+ =sup(l+¢§) =sup(§) ="
<y €<y
Boylece her aicin 1 + a = /.
Teorem 22. Her o ordinali i¢in & — o + & normaldir.

Kanat. Teorem 12’den a+ 5 < o+ 3’ gbstermek yeter. Ayrica

a+8<(a+p) [(2.5) tanimindan)]
=a+p. [(4.2) tanimindan)] O
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Ornegin Sekil 2’ye bakin. Sekilde
w-2=w+w, w-3I=w-24w, w-4d=w- -3+ w,
ve genelde, Teorem 5’i kullanan resmi 6zyineli tanima gore,
a-0=0, a-1=aq, a-(k+1)=a-k+a.
Bu sekilde « - n, “a’dir n kere” veya “a’nin n katidir.” Ayrica

w? = w-w =sup(w - ).
r<<w

Alistirma 24. £ — £ - 2 gondermesi kesin artan midir? Siirekli
midir?

Alistirma 25. Asagidaki kanit nerede yanhstir?

Her a icin, her B icin, a + 3 = B + «a kanitlayacagiz.
1.a+0=a=0+a.
2. Egera+ 03 =B+ a ise, 0 zaman

atf =(a+B)=B+a)=0"+a
3. Eger v limitve V€ (§ <y = a+ & =£+ a) ise, 0 zaman
a+y=sup(a+¢&) =sup({ +a)=7v+a.
€<y €<y
Bu sekilde her durumda a +8 =3 + a.
Teorem 23. Ordinal toplama birlesmelidir.

Kanat. Her ~ igin, tiimevarim kullanarak tiim « ve (8 i¢in

a+(B+y)=(a+p8)+v

gosterecegiz.
1. a+(B+0)=a+p [(4.1) tanimindan)]
= (a+ ) +0. [(4.1) tammindan)]

4.1. Tanim ve ozellikler 39



2. Eger
+(B+0)=(a+p)+4d (4.6)

ise, 0 zaman

a+ (B+d)=a+ (B+9) [(4.2) tammindan]
=(a+(B+9))  [(4.2) tammindan]|
= ((a+p8)+9d)"  [(4.6) hipotezinden]
=(a+0)+9". [(4.2) tanimindan)]

3. 0 limit olsun, ve

VE(E<d=a+(B+E)=(a+p)+¢) (4-7)

olsun. O zaman

(a+pB)+6
=sup{(a+p6)+&: <6} [(4.3) tammy]
=sup{a+ (B+¢): £ <0} [(4.7) hipotez]
=a+sup{f+E&: <0} [€ — a + £ normaldir|
=a+(B+90). [(4.3) tanim] O

Simdi herhangi n sayma sayisi igin

an=a+- -+«
N’

anlagilabilir.
Teorem 24. k< wvel <w isea-(k+0)=a-k+a-L.
Alistirma 26. Teoremi kanitlayin. (Timevarim kullanin.)

Teorem 25. Her £ — & 4+ o gondermesi artandar.
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Kamit. 8 < v olsun. « lizerinden tiimevarim kullanarak
B+a<v+a

kanitlayacagiz.
1. B+0=8<y=v+0.
2. B4 a =7+ «ise tabii ki

fra =(B+a)=0+a) =7+d.
B+ a < v+ «aise, Teorem 8¢ gore
f+d=B+a)<y+a<(y+a)=y+a.
3. Eger ¢ limit ise
VE(E<d=B+E<y+E)
olsun. O zaman

B+d=sup(B+&) <sup(y+§) =~v+0.
<o £<s

4.2. Hesaplamalar

Bu altboliimiin teoremleri tiimevarim kullanmaz.
Teorem 26. k < w ise k+ w = w. (Sekil 3’e bakin.)
Kanit. k+w =sup{k+z: 2z < w} =w.
Sonug. k< wvel <n<wise

k+w-n=w-n.

Alistirma 27. Sonucu kanitlayin.

4.2. Hesaplamalar
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Teorem 27 (Cikarma). a < 8 ise

at+{=p (4-8)
denkleminin bir ve tek bir ¢cozimi vardar.

Kanat. Denklemin ¢oziimii varsa, Teorem 22’ye gore tek ¢oziim
vardir.

Teoremler 21 ve 25’ten a + > 3, dolayisiyla {£: a + & <
£} smifinin 5 distsimrt vardir. Simdi v, simifinin supremumu
olsun. O zaman

a+y=a+sup{l: a+£ <G}
:sup{og—i—gi&—i—ggﬁ}gﬁa
(Cg+”y)/204+’}//>ﬁa

dolayisiyla o + v = 5. O

Alistirma 28. o < [ varsayinca, {{: a + & > B} sinifinin bos
olmayip sinifin en kiiciik elemaninin (4.8) denkleminin ¢6ziimii
oldugunu gosterin.

Teorem 28. w + a = a ancak ve ancak w? < a.

Kamit. w + w? = w + sup(w - 1)
r<<w

=sup(w + w - z)
r<<w

=sup(w - (1+x))

r<<w
= w?
Eger a > w? ise, o zaman bir 3 icin w? + 8 = «, dolayisiyla

wrta=w+w+pB=w’+8=a.
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Simdi o < w? olsun. O zaman bir k dogal say1s1 icin

w-kLa<w-(k+1),
w-(k+1) <w+a,

dolayisiyla o < w + a. O
Teorem sayesinde w < «a < w? ise, o zaman bir «; icin
w—+ o] = «, o) < Q.
Eger w < ay ise, o zaman bir ay igin
w + az = oy, Qg < O,
ve saire. O zaman bir £ igin

A=W+ -F+w+a,=w-k+ .
—_—
k

ON iyisirali oldugundan bir £ i¢in o) < w. Bu sekilde
{€: ¢ <’

kiimesinin her elemani, w - k£ + ¢ bigiminde yazilabilir. Verilen
kiime, toplama altinda kapalidir, ve toplama kurali,

(w-k+0O)+(w-m+n)=w-(k+m)+n.

Alistirma 29. a = w - 17+ 6 ve B8 = w - 1000 + 5 ise o + 8
toplamini hesaplayin.
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4.3. Kardinaller

Simdi herhangi A ve B kiimeleri i¢in
AUB=(Ax{0})U(Bx{1})

olsun; bu bilesim, A ve B’nin ayrik bilesimidir. Boliim 3’ten

a={{:E<a}

anlagmasini kullanacagiz.

Teorem 29. a+ [~ allf.

Kanat. Teorem 27’den

{ (€,0) — &,

1) =a+n

kurali, alJf ayrik bilesiminden o+ f kiimesine giden bir esleme
tanimlar. O

Bir A kiimesi bir ordinalle eglenik olsun. Tanima gore
kard(A) = min{f: £~ A};

bu ordinal, A'nin kardinalidir. Kardinaller, s, A, u, ve v hart-

leri ile gosterilecektir.
Eger f: A— Bve C C Aise

flCl={f(z): z € C}

olsun. Eger f birebir ise, o zaman A’nin B’ye bir gdbmmesidir,
ve

A~ flA] C B.
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Bu durumda
f:ASB

yazalim, ve Gyle bir f gémmesi varsa
A< B

yazalim.

Teorem 30 (Schroder—Bernstein). A < B ve B < A ise
A=~ B.

Kanat. f: A = B ve g: B =5 A olsun. Ozyinelemeyle

Aa AnJrl = g[Bn]a
B, Bn+1 = f[ATL]

N

0
0

Sy

olsun. O zaman

f[AO AN Al] = Bl AN BQ,
g[BO AN Bl] = Al AN AQ,

dolayisiyla Ag \ Ay ~ By \ Bsy. Benzer sekilde

An N An+2 ~ Bn N Bn+27

dolayisiyla
AN Ai~B~()B:
1<<w <w
Ayrica
FlN A= flAl= () B:=()B:
i<w i<w 0<i<w i<W

dolayisiyla (), , Ai = ();<, Bi, ve sonug olarak A ~ B. O
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Teorem 31. & — kard(§) artandur.
Kanat. Eger o < 8 ama kard() < kard(«) ise, o zaman
a =~ kard(f) % kard(«a) = «a,
dolayisiyla o ~ f3. O
Teorem 32. k < w ise kard(k) = k.
Alistirma 30. Teoremi kanitlayin.
Teorem 33. kard(w + w) = w.
Alistirma 31. Teoremi kanitlayin.

Sonug. {£: w < & < w?} kimesinin her elemaninin kardinali
w 'dar.

Alistirma 32. Sonucu kanitlayin.
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5. Ordinal carpma

5.1. Tanim ve ozellikler
Ozyineli tanima gére her « icin

a-0=0,
o f=afta
v limit ise a -y = sup{a - £: € < v}

Ordinal carpma hakkinda ilk teoremimizin bir gikki tiimeva-
rim kullanmaz; kalanlar tiimevarim kullaniyor.

Teorem 34.
1. a- 1 =qa.
2. 1-a=a.
2. 0-a=0.
Alistirma 33. Teoremi kanitlayin.
Teorem 35. a > 1 ise £ — a - & islemi normaldir.

Alistirma 34. Teoremi kanitlayin.

Ornegin Sekil 4’e bakin. Sekilde
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2 3 4w

Sekil 4.: 7 = w - £ denkleminin grafigi

5.1. Tanim ve ozellikler 49



ve genelde, Teorem 5’1 kullanan resmi 6zyineli tanima gore,

a =1, a = q, o' =a -«
Ayrica
w® = sup(w®).
r<<w

Alistirma 35. £ — &2 gondermesi kesin artan midir? Siirekli midir?
Teorem 36. Ordinal ¢carpma, toplama tzerine soldan dagilir.

Kanit. Ordinal tiimevarim ile

a-(B+y)=a-B+a-v (5.1)

kanitlayacagiz.
1.a-(f+0)=a-f=a-f+0=a-F+a-0.
2. Eger (5.1) dogru ise, o zaman

a-(B+9)=a-(B+7)
=a-(B+7)+a
=(a-f+a-v)+a
=a-f+(a-v+a)
=a-f+a-9.
3. Qimdi v limit ve

VE(E<y=a- B+)=a-B+a-g)

olsun. Eger a = 0 ise, iddia apaciktir, dolayisiyla o > 0 varsa-
yacagliz.

a-(B+y)=a- iup(ﬁ +¢)  [tanm]
<y
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= sup(a (B + 5)) [7 — - n normaldir|

€<y
=sup(a-f+a-§) [tiimevarun hipotezi]
€<y
=a-f+sup(a-&) [p+— a- B+ n normaldir|
€<y
=a-f+a-7. [tanim]| O

Alistirma 36. Asagidaki kanit nerede yanhstir?
1. 0-(B+9)=0=0+0=0-B+0-1.
2. Eger (5.1) dogru ise, o zaman

o - (B+y)=a-(B+v)+B+7)
=(a-B+a-v)+(B+7)
=(a-B+P)+(a-v+7)
=o' -B+a .

3. Egeralimitve V€ (E<a=¢- (B+7)=¢-B+E-7) ise
a-(ﬁ+7)=§gp($-(ﬁ+7))
=sup(£-B+€-7)
{<a
=sup(§ - B) +sup(§-)
<a f<a
=a-B+oa-v.

Alistirma 37. Asagidaki kanit nerede yanlistir?

1. (a+pB)-0=0=04+0=a-0+03-0.
2. Eger (a+B)-y=a-vy+B-ise, o zaman
(@+B8)-v =(a+B)-v+(a+P)
=(a-vy+0-7)+ (¢ +B)
=(a-v+a)+(B-7+0)
=a-y+6-7.
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3. Egery limitve V€ (§<y=(a+0) E=a -£+6-§) ise
(a+B)-v=sup((a+B)-¢)
€<y
=sup(a-£+06-€)
€<y
=sup(a - &) +sup(B - §)
€<y <y
Teorem 37. Ordinal ¢arpma birlesmelidir.

Alistirma 38. Teoremi kanitlayin.

Simdi herhangi n sayma sayisi i¢in

anlagilabilir.

k0 ok ol

Teorem 38. k < w ve ! < w ise «
Alistirma 39. Teoremi kanitlayin. (Timevarim kullanin.)
Teorem 39. Her £ — & -« islemi artandar.

Alistirma 40. Teoremi kanitlayin.

5.2. Hesaplamalar

Lemma 11. 0 </ < w ise 1 + w! = w?.

Alistirma 41. Teoremi kanitlayin.

Teorem 40. kK < m < w ise wr + w™ = w™.
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Kamit. Bir £ i¢in, k+ ¢ =m ve 0 < ¢ < w, dolayisiyla

Wk + 0™ = Wk + whtt

:wk+wk-wé
=" (1+wh
="
— Wkt

=w". O
Teorem 41. 1 <k < w isek-w = w. (Sekil 5°e bakin.)
Alistirma 42. Teoremi kanitlayin.
Teorem 42 (Bolme). 1 < « ise (&,n) i¢in

a-n+{=BNE{<a (5-2)
sistemanin bir ve tek bir ¢ozumai vardor.

Alistirma 43. Teoremi kanitlayin. Ornegin, asagidaki iddialar gos-
terin.

1. a>0ise - = f.

2. {n: a-n < B} kiimesinin tstsinir vardr.

3. sup{n: a-n < B} =4 olsun. O zaman - v+ & = 3 denk-
leminin ~ ¢éziimii vardir, ve 6 < a. Ayrica (7,0), (5.2) sisteminin
tek ¢oziimii vardir.

Teorem 43. w®,
w-{=¢

denkleminin en kii¢ik cozimiidir.
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Sekil 5.: 7 = ¢ - w denkleminin grafigi
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Kanit. w-w® = w - sup(w®)
r<<w
= sup(w - w”)
r<w
= sup(w
r<<w
w.

1+ac)
=w
Simdi o < w® olsun. O zaman bir k£ dogal sayis1 i¢in
W < a < wht
Wt < w-a,
dolayisiyla a < w - a. O
Teorem sayesinde o < w® ise, o zaman baz1 a; ve ag icin
w - o1+ ay = o, o1 < @, ag < W.
Eger oy > 0 ise, o zaman bazi as ve a; i¢in
w -+ a; = aq, Qg < O, a; < W,
ve saire. O zaman bir k i¢in
A1 = 07
o = g,
Q-1 = W - A + a1,
2
Qg9 = W™ - ap + W - ag—1 + ag_2,

k—1 k—2
a;p = w cap + W “Qp—1+ -+ W-as+ a,

a:wk-ak%—w’“*l-ak_1+---+w2-a2+w-a1+a0.
Burada bazi a; sifir olabilir. Sifir terimler silinirse, o zaman bir
n igin,
w>by>by>--->b, 1
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kogulunu saglayan bazi b; i¢in, ve bazi ¢; sayma sayilar1 i¢in
_ ybo b1 bn_1
a=w"-ct+w -c1+---F+w * Cp—1-

Bu ifadeye a’'nin Cantor normal bigimi denir. (0’m Cantor
normal bigimi 0’dir.)

Teorem 44. 0 <m < w vea < W™ ise a + w"™ = w™.

Kamit. o’nin Cantor normal bigimini yazin ve Teorem 40’1 kul-
lanin. 0J

Sonug. m < w, n € N ve k € N ise
(W™ - n+a)-k=w" -n-k+a.
Alistirma 44. Sonucu kanitlayin.
Ornegin
(W’ 10+ w? -84+ w) -6 =w’ 60+ w® 8+ w.
Sonucun durumunda agagidaki esitlik ¢ikar.

(W™ n+a) w=w"-n+a+w”" n+ta+w” -nt---

Vv Vv
wm.n wm.n

=wm"-n-w
:merl

Aslinda egitligin ger¢ek kanitinin Teorem 44’e ihtiyaci1 yoktur.

Teorem 45. m < w, n € N ve a < w™ ise

1

(W™ n+a) w=wm""

dolayisiyla k € N ise

(W™ - n+a)- o’ =w™™*
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Kanit. (w™-n+a)-k<w™-(n+1)-koldugundan
W™ < (W™ nta)w

=sup((w™-n+a)- )

r<<w

<sup(w™ - (n+1)-x)

W
= ™t 0

Ornegin

(W -4+ w-6)-(w?-3+8)
=(w? 44+ w-6)- w3+ (W 4+w-6)-8
=w’ -3+ w32+ w-6.

Alistirma 45. (W -9+ w? - 94+ w-9+9) - (w?-9+w-9+9)
carpiminin Cantor normal bigimini hesaplayin.

5.3. Kardinaller

Teorem 46. o -~ a X .

Kamit. Teorem 42’den

(5777)'_)0477_'_57

a x ( kartezyan ¢arpimindan « - 5 ordinal ¢arpimina giden bir
eslemedir. O

Teorem 47. kard(w - w) = w.

Alistirma 46. Teoremi kanitlayn.
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Teorem 48. {{: w < £ < w®} kimesinin her elemaninin
kardinali w dur.

Alistirma 47. Teoremi kanitlayin.

Teorem 49. Her k dogal sayisi i¢in fi, bir Ay kiimesini w 'ya
gomsiin. O zaman

<w

Kanat. |J,_,, A; bilegsiminde

<w

g(x) =min{i: x € A;}

olsun. O zaman = +— (g(x), fg(x)(:z:)) gondermesi, bilesimin
w X W c¢arpimina bir gommesidir. U

Sonug. w® ~ w.

Kanit. Her n icin, w™! = w™ - w oldugundan, Teorem 46 nin
kanitinindan kesin bir f,, icin

fo: " S W™ x w.
Simdi g: w X w = w olsun. O zaman
go fi: w? = w.

Mimkiinse
s ™ = w (5.3)

olsun. O zaman bir ve tek bir h,, 1 i¢in,

Rmgr s ™ = w,

V€V Yz (£al€) = (1.2) = b () = g (hn(m). 2) )
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ve bu durumda
R1: ™ S w.

Tiimevarim ve 6zyinelemeyle her m sayma sayisi igin, bir ve
tek bir h,, i¢in, (5.3) dogrudur. Simdi

w” = sup (w*) = U w”

O<z<w O<zr<w

oldugundan teoremi kullanilabilir. O
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6. Ordinal kuvvet alma

6.1. Tanim ve ozellikler

Ozyineli tanima gére her o icin

a’ =1,

o = ozﬁ-oz,

7 limit ise a” = sup (af) = limsup(a®).
0<€<y =~

Teorem 50. o' =, 19 =1, ve

0% =

1, «a=0 durumunda,
0, «a >0 durumunda.

Alistirma 48. Teoremi kanitlayin.
Teorem 51. o > 2 ise & — ot islemi, normaldir.
Alistirma 49. Teoremi kanitlayin.
Sekil 6’ya bakin. Sekilde
g0 = sup {w, w®, w*", ... }.
Alistirma 50. & > £ islemi kesin artan midir? Siirekli midir?

Teorem 52. o7 = o’ . a” ve a7 = (o).
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Sekil 6.: n = w¢ denkleminin grafigi
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Alistirma 51. Teoremi kanitlayin.
Teorem 53. a > 1 ise £ — &% artandir.

Alistirma 52. Teoremi kanitlayin.

6.2. Hesaplamalar

Teorem 54 (Logaritma alma). 2 < a ve 1 < B ise (§,1,()
1¢In
o n+l=pA0<n<an(<at
sistemanin bir ve tek bir ¢ozimai vardor.
Alistirma 53. Teoremi kanitlayin.
Teorem sayesinde 1 < « ise, baz1 «ag, ag, ve f; igin

w a9+ 1 = «a, 0<ay< w, b1 < w.
Eger 1 < f3; ise, o zaman baz1 a4, aq, ve (5 igin

W - ay + B2 = i, 0<a <w, B2 < W™,

ve saire. O zaman bir k i¢in

Qg > Q1 > - > O,
{ao,...,ak}QN,

a=w-ay+w - a;+ -+ W% - a.
Son ifade, a’nin Cantor normal bigimidir.
Teorem 55. o < w” ise a + w’ = w?.

Alistirma 54. Teoremi kanitlayin. (Teorem 44'e bakin.)
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Sonug. o < w?, n €N, ve k € N ise

(W n+a)-k=w’ -n-k
Alistirma 55. Sonucu kanitlayn.
Teorem 56. o < w?, n €N, ve 1 < v ise
+y

(W’ n+a) 0 =w’

Alistirma 56. Teoremi kanitlayin. (Bir § icin v = 1 + § oldugunu
kullanabiliriz.)

Simdi iki Cantor normal bigiminin ¢arpiminin Cantor normal
bi¢imini hesaplayabiliriz.

Teorem 57. 0 < k < w ise

¢ =0 durumunda,

k,
¢ _
K= v 0< ¢ < w durumunda,
¢
w(,U

, w < & durumunda.
Alistirma 57. Teoremi kanitlayin.
Teorem 58. o < w’, n € N, ve v limit ise
(WP -n+a) =w’.

Teorem 59. ¢,
W =¢

denkleminin en kii¢ik ¢ozimiidir.

Alistirma 58. Teoremi kanitlayin.
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6.3. Kardinaller

Herhangi o ve 8 ordinalleri i¢in, 8’dan «a’ya giden géndermeler,
P
sinifini olu@tursun ve
exp(e, B) = {f: fePan{sep: f(§)>0} <w}
olsun.
Teorem 60. o’ ~ exp(a, 3).
Kanit. exp(1,3) = 1 = 17; ayrica
1, p =0 durumunda,
0, B> 0 durumunda,

o=

dolayisiyla exp(0, 3) ~ 0°. Simdi a > 2 olsun. Eger v < o
ise, o zaman Cantor normal bi¢imi gibi, baz1 n dogal sayisi
i¢in, baz1 v; ve ¢; i¢in,

B> > > Yo,
{6;: 1 <n} Ca~ {0},
,y:OZ’YO,CO_i_,_,_i_O[’Yn—l “Cpq.
Simdi tanima gore
0;, & =; durumunda,
fv(ﬁ) = .
0, ¢&€p~{v:i<n} durumunda
olsun. O zaman f, € exp(a, ﬁ). Asinda
£ fer o B exp(a, B). O]
Teorem 61. g5 ~ w.

Alistirma 59. Teoremi kanitlayin.
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7. Kardinal kuvvetler

7.1. Sayilamaz kiimeler

Eger A < w ise, o zaman A sayilabilir; diger durumda A
sayillamaz. Gordiigiimiiz gibi sayilabilir kiimelerden ordinal
toplama, carpma, ve kuvvet alma ile sayillamaz kiimeler elde
edilemez.

Herhangi A smifi i¢in

Z(A),
A’nin altkiimeleri tarafindan olusturulmus smiftir. Yani
P(A)={X: X C A}

Buradaki X siyah olmadigindan kime degigkenidir. Kiime ol-
mayan bir siif, bir sinifin elemani olamaz. Eger V, tiim kii-
meler tarafindan olusturulmus sinif ise, o zaman

P(V)=V.
Aman € w ise
n < 2" = kard(Z(n)).
Teorem 62 (Cantor). Her A kiimesi i¢in

A< Z(A).
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Kamt. z— {z}: A 2(A). Simdi f: A S P(A) ise
B={reA: xd¢f(x)}
olsun. O zaman A’nin her ¢ elemani igin
ceB&cé flo),
dolayisiyla B # f(c). Bu sekilde f, egleme olamaz. O

Alistirma 60. Cantor Teoreminin kaniti A'nin kiime oldugunu na-
sil kullanir?

AKSIYOM 7 (Kuvvet Kiime). Her A kiimesi i¢in Z2(A)
swnafi bir kiimedir.

Herhangi a ve b i¢in
(a,0) = {{a}, {a,b}}

olsun.
Teorem 63. (a,b) = (¢,d) ancak ve ancak a = ¢ ve b = d.
Alistirma 61. Teoremi kanitlayin.

Simdi A x B ={(z,y): x € AAy € B} tammlanabilir.
Teorem 64. A x BC P (¥ (AU B)).
Alistirma 62. Teoremi kanitlayin.

Teorem 65 (Hartogs). Her kardinalin daha biiyigi vardar.
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Kanit. A ={{: € < k} olsun. O zaman A C ON, ve ayrica
A geciglidir, dolayisiyla A bir kiimeyse, bir a ordinalidir. Bu
durumda o ¢ « oldugundan a > k.

Eger f bir 8’y1 k’ya gémiirse, o zaman bir

{(£©), £m): ¢ <n < 5}

kiimesi elde edilebilir. Bu sekilde elde edilen tiim kiimeler, x X
k carpiminin bir B altkiimesini olusturur. O halde B ~ A
(neden?), dolayisiyla A da bir kiimedir. O

Sonug olarak
kT =min{¢: k < &}

tamimlanabilir, £, x'min kardinal ardilidir.
Simdi 6zyineli tanima gore

NO = w,
No/ = (Na>+a
a limit ise N, = sup R.
{<a

(Burada X, Ibrani alef harfidir.)

Teorem 66. £ — R¢ normaldir, ve her sonsuz kardinal, bir o
icin, N, 'dor.

Alistirma 63. Teoremi kanitlayin.
Lemma 12. Her sonsuz kardinal, w nin bir kuvvetidir.

Alistirma 64. Lemmayi kanitlayin.
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Tanima goére

k@ X =kard(k U ) = kard(k + A),
kr® A =kard(k x \) = kard(k - \)

olsun; bunlar £ ve A’nin kardinal toplami ve kardinal g¢ar-
pimadir.

Teorem 67. Ejer k ve XA’'nin biri sonsuz ise
Kk @ A = maks(k, \).
Eger k ve X’min biri sonsuz ise ve digeri sifir degilse
K ® A = maks(k, \).
Kanit. £ < X olsun. O zaman
ASKEFASAFAK2 AN,

ve k > 0 ise

A< KA,

dolayisiyla A\ ~ A\? kanitlamak yeter.

Lemmadan bir « igin A = w®. O zaman A =~ exp(w, ).
Simdi f: wxw = w olsun. Eger g ve h, exp(w, a) kiimesinin
elemani ise g * h,

& f(9(8), h(¢))

eleman olsun. O zaman

(g,h) — g+ h: exp(w, ) = exp(w, a) x exp(w,a). O
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Sonug olarak
kard(R,, + Ng) = Riaks(a,0) = kard(R,, - Rg).
Simdi herhangi A kiimesi i¢in
Pu(A) ={X € Z(A): kard(X) < w}
olsun.
Teorem 68. Ejer k sonsuz ise Py (k) =~ K.

Kanat. Her m igin {£ € k: kard(§) = m} < k™ = &, dolay1-
styla

@w(/ﬁ):U{fem: kard(§) =i} S w X kK & K. O

icw
Teorem 69. Eger B sonsuz ve 2 < o < 3 ise
kard(a”) = kard(p).
Eger a sonsuz ve 1 < < « ise
kard(a”) = kard(a).

Alistirma 65. Teoremi kanitlayin.

7.2. Secme
Teorem 49'da, |J,_, Ai bilegiminin sayilabilir olmasi igin, her

Ay kiimesinin sayilabilir olmasi yetmez, ama A; kiimesinin
w’ya kesin bir gommesi bilinmelidir. Her % i¢in, Ay kiimesinin
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w’ya gbmmeleri, bos olmayan bir %, kiimesini olusturabilirler;
ama gordiigiimiiz aksiyomlarla

Vo (x € w= f, € B,)

kosulunu saglayan x +— f, gondermesinin olup olmadigini bil-
miyoruz.

Gordiigiimiiz aksiyomlar, Zermelo—Fraenkel veya ZF ak-
siyomlaridir.

Her k i¢in %}, kiimesinden bir f; se¢mek isteriz. Se¢im Aksi-
yomunun bi¢imlerinin birine gore, bu se¢cme miimkiindiir. Bi-
zim i¢in, agagidaki bi¢im kullaniligh olacaktir.

AKSIYOM 8 (Secim). Her kiime iyisiralanabilir.

Ornegin J, ., %, iyisiralanirsa, o zaman istedigimiz x — f,
gondermesi
x +— min (B;)

olabilir.

Godel’in kanitladigi teoreme gore, ZF aksiyomlarinin bir mo-
delinde, Se¢cim Aksiyomu dogrudur. Cohen’in kanitladig: te-
oreme gore, ZF aksiyomlarinin bir modelinde, Se¢im Aksiyomu
yanligtir. Kisaca Se¢im Aksiyomu, ZF’den bagimsizdir.

Secim Aksiyomunu varsayiyoruz. Bununla ZF, ZFC’dir.
Simdi her kiimenin kardinali vardir. Tanima gore

k™ = kard(")).

Bu kuvvet, ordinal kiivvet degil, kardinal kuvvettir. Orne-
gin Ny = w oldugu halde 2%, kardinal kuvvet olarak anla-
sihir, ve bu kuvvet, 2% ordinal kuvvetinden farkhdir. Ashinda
2% = w, ama sonraki teoreme gore 280 > N,

Teorem 70. 2" = kard(Z (k)).
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Alistirma 66. Teoremi kanitlayin.

Asagidaki kurallar kolaydir.

0<A=0"=0
. : ’ KJ)\@H:KJ)\@IQM,
K =
1A 1’ R = (M),
Iil—li’ ngu/\)\gyzw&gu”.
- 9

Teorem 71. 2 < k, 1 < A, ve Ny < maks{k, A} olsun. O
zaman

K < : (7-1)
A< k= RN 2% (7.2)

Kanit. Hipoteze gore k < 2% ise 2 < k < 2* ve ) sonsuzdur,

dolayisiyla
2)\ < /€>\ < (2)\))\ — 2)\@)\ — 2)\‘

Ayrica A < k ise k sonsuzdur, dolayisiyla
K< RN (20)) = 288 = 2n, O

Tekrar x ve A\'n in biri sonsuz olsun. Eger A < k < 2* ise, o
zaman (7.1) gerektirmesine gore

K,)\ZQ)\ <21€7

burada (7.2) gerekmez. Bir durumda, eger (7.1) gerektirmesi-
nin hipotezi dogru degilse, o zaman 2* < k, dolayisiyla A < &,
ve (7.2) kullanilabilir. Bu gekilde teoremin yerine

/<¢<2’\:/<o’\:2’\,

A A
20 < k= KL 2%
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kurallar1 kullanilabilir. (Tekrar 2 < &, 1 < A, ve Ny <
maks{x, A} olmalidir.) Ornegin

X X R
2<KREL20 = RO =270
Mo < k= KR L 28,

Simdi asagidaki tanim yapabiliriz.

j0 = NO:
Jo = kard(2(3,)) = 27,
a limit ise 3, = sup ;.
(<a

(Burada 3, Tbrani beth harfidir.) O zaman ¢ — J¢ normaldir,
ve

N, < ..

Teorem 72. Tim Kk ve \ i¢in

Alistirma 67. Teoremi kanitlayin.

Kontinuum Hipotezi veya KH, X; = J; 6nermesidir. Ge-
nellestirilmis Kontinuum Hipotezi veya GKH, V¢ X, =
3¢ Onermesidir. Godel'in kanitladig1 teoreme gore, ZFC ak-
siyomlarinin bir modelinde, GKH dogrudur. Cohen’in kanit-
ladig1 teoreme gore, ZFC aksiyomlarinin bir modelinde, KH
yanlistir. Bu sekilde KH, ZFC’den bagimsizdir.
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A. Harfler

Metinde simge olarak kullanilirken harfler agagidaki anlamlara
gelir.

“Tahta siyah” harfleri
R gergel sayilar kiimesi
Q kesirli sayilar kiimesi
7 tamsayilar kiimesi

N {1,2,3,...} sayma sayilar kiimesi

Kiiciik Latin harfleri
a, b, c, d, e sayilar veya kiimeler
f, g, h kiimede tanimlanmis géndermeler
1, 7 dogal say1 degiskenler
k, 0, m,n dogal sayilar
p asal sayi

u, x, Yy, z sayl veya kiime degiskenleri

Dikey kiiciik Latin harfleri
sup supremum
min  minimum (en kiigiik)

maks maksimum (en biiyiik)
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Biiyiik Latin harfleri
A, B, C, D kiimeler
X, Y, Z kiime degigkenleri

Kivircik Latin harfleri

o, B, € elemanlar kiime veya génderme olan
kiimeler

Z(A) {X: X C A}

Po(A) {X e Z(A): kard(X) < w}
Biiyiik siyah Latin harfleri

A, B, C smflar

F. G, H smifta tanimlanmig gondermeler

Dikey biiyiik siyah Latin harfleri
V  evrensel siif
ON ordinaller sinifi
KN kardinaller sinifi

Yunan harfleri
a, 3,7, 9,0 ordinaller
¢, n, ¢ ordinal degiskenler
K, A, it, v kardinaller

©, Y, x formiiller
Dikey Yunan harfi

g0 sup{w, w®, w®’, ...}

w {0,1,2,...} dogal sayilar1 kiimesi
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Harflerden tiireyen simgeler
€ eleman olma bagntisi (“a éori B” demek “a, bir
B’dir”)
vV her .. .icin (for All)
3 baz . .. igin (there Exists)
U, J bilesim (Union)
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B. Mantik

B.1. Formiiller

Formiillerde kullandigimiz simgelerin birkag tane tiirii vardir:

1) degiskenler (variables): z, y, x, ...; g, T1, Ta, ...;

2) sabitler (constants): a, b, ¢, ...; ag, a1, ag, ...;

3) iki-konumlu baglayicilar (binary connectives): A, V,
=, &F

4) bir tek-konumlu baglayici (singulary connective): —;

)
) niceleyiciler (quantifiers): 3, V,
) ayraclar (parentheses, brackets): (, );
7) bir yiiklem (predicate): € (epsilon).
Bir terim (term), ya degisken ya da sabittir. Eger ¢ ile u, iki
terim ise, o zaman

S Ot

teu

ifadesi, bir boliinemeyen formiildiir (atomic formula). Ge-
nelde formiillerin tanimi, 6zyinelidir:

1. Boliinemeyen bir formiil, bir formiildiir.

2. Eger ¢ bir formiil ise, o zaman

P

ifadesi de bir formildiir.

*Bazen = ile < oklarinin yerine — ile <+ isaretleri yazilir.
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3. Eger ¢ ile v iki formiil ise, o zaman

(AY),  (eVY),  (p=v), (peV)

ifadeleri de formiildiir.
4. Eger ¢ bir formiil ise, ve x bir degisken ise, o zaman

dx ¢, YV ¢

ifadeleri de formiildiir.

Formiillerin her tiiriiniin ad1 vardir:

1. —p formiilii, bir degillemedir (negation).

2. (@A) formiilii, bir birlegsme veya tiimel evetlemedir
(conjunction).
3. (¢ V) formiilii, bir ayrilma veya tikel evetlemedir
(disjunction).
(p = ) formiilii, bir gerektirme (implication).
(p < ) formiilii, bir denkliktir (equivalence).
Jz ¢ formiilii, bir 6rneklemedir (instantiation).

7. Vx ¢ formiilii, bir genellestirmedir (generalization).
Bu tiirlerin adlari, cok 6nemli degildir. Fakat asagidaki teorem
¢ok onemlidir.

A

Teorem 73. Her formilin tek bir sekilde tek bir tiri vardur.

Mesela ayni formiil, hem gerektirme, hem 6rnekleme olamaz:
dz (¢ = ) formiilii, gerektirme degil, 6rneklemedir; (Jz ¢ =
1) formiilii, 6rnekleme degil, gerektirmedir.

Ayrica (p A (¢ A 0)) formiill, tek bir gekilde birlegmedir.
Aslinda sadece ¢ ile (¢ A ) formiillerinin birlesmesidir. Eger
A harfi, ¢ A (¢ ifadesini gosterirse ve B harfi, ) ifadesini
gosterirse, o zaman (A A B) ifadesi, (¢ A (¥ A 0)) formiiliini
goOsterir; ama tanima gore bu formiil, A ile B ifadelerinin birles-
mesi degildir, ¢iinkii A ile B ifadeleri (yani A ile B tarafindan
gosterilen ifadeler), formiil degildir.
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Teoremi kanitlamayacagiz. Fakat teoremi kullanarak agagi-
daki 6zyineli tanimi yapabiliriz. Bir degigkenin bir formiilde
birkag tane gegisi (occurrence) olabilir. Mesela Va (x € y <
x € z) formiiliinde = degigkeninin ii¢ tane gegisi vardir (ve y
ile z degigkenlerinin birer gegisi vardir).

1. Boliinemeyen bir formiilde bir degiskenin her gecisi, ser-
best bir gegistir.

2. Bir degigkenin ¢ formiiliindeki her serbest gecisi, —¢,
(p *1), ve (¢ x @) formiillerinde de serbesttir. (Burada
* igareti, herhangi bir iki-konumlu baglayicidir.)

3. Eger x ile y, iki farkl degisken ise, o zaman x degis-
keninin ¢ formiiliinde her serbest gecisi, dy ¢ ile Yy ¢
formiillerinde de serbesttir.

4. dx ¢ ile Vx ¢ formiillerinde x degiskeninin hig¢ serbest
gecisi yoktur.

Bir formiilde bir degiskenin serbest gecisi varsa, bu degisken,
formiiliin bir serbest degiskenidir. Serbest degiskeni olma-
yan bir formiil, bir climledir. Ciimleler i¢in o, 7, ve p gibi
Yunan harflerini kullanacagiz.

B.2. Dogruluk ve Yanhishk
Bir ¢ formiiliiniin tek serbest degiskeni x ise, o zaman formiil

o(z)

olarak yazilabilir. O halde a bir sabit ise, ve x degigkeninin
@ formiiliindeki her serbest gegisinin yerine a konulursa, ¢ikan
climle

p(a)
olarak yazilabilir. §imdi dogrulugu (truth) ve yanlhighg: (fal-
sehood) tammlayabiliriz:
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6.
7.

8.

Eger b kiimesi, a kiimesini igerirse, o zaman a € b climlesi
dogrudur; igermezse, yanligtir.

. Eger o ciimlesi dogruysa, o zaman —o degillemesi yan-

ligtir; o yanhs ise, =0 dogrudur.

Eger hem o hem 7 dogruysa, o zaman (o A7) birlegmesi
de dogrudur; o ile 7 climlelerinin biri yanlsg ise, birles-
mesi de yanligtir.

Eger bir a kiimesi igin ¢(a) climlesi dogruysa, o zaman
Jz p(z) orneklemesi de dogrudur; hi¢ Gyle bir a yoksa,
ornekleme yanlistir.

(o V 1) climlesi, =(—o A —=7) climlesinin anlamina gelir,
yani bu iki ciimle ayni1 zamanda ya dogrudur, ya da yan-
ligtar.

(0 = 7) climlesi, (—o V 7) ciimlesinin anlamina gelir.
(o & 7) ciimlesi, ((o0 = 7) A (T = o)) ciimlesinin anla-
mina gelir.

Vr ¢(x) climlesi, =3z —p(x) climlesinin anlamina gelir.

Ozel olarak formiillerde V, =, <, ve V simgeleri gerekmez; sa-
dece kolaylik igin kullanacagiz. Ama (o = 7) ciimlesi dogrudur
ancak ve ancak T dogru veya ¢ yanhstir; ve (0 < 1) ciimlesi
dogrudur ancak ve ancak hem ¢ hem 7 ya dogru ya yanhgtir.
Ayrica Yz ¢(x) dogrudur ancak ve ancak her a kiimesi igin
¢(a) dogrudur.

Birkag tane kisaltma daha kullaniriz:

1.
2.

3.

4.

— t € u formiiliiniin yerine t ¢ u ifadesini yazariz;

Bir (¢ * 1) formiiliiniin en digtaki ayraglarini yazmayiz.
= ile & baglayicilarina gore A ile V baglayicilarina 6n-
celigi veririz: Mesela ¢ A ¢ = x ifadesi, (p A1) = x
formiiliiniin anlamina gelir.

¢ = 1» = x ifadesi, ¢ = (¢ = x) formiiliiniin anlamina
gelir.
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Bir ¢ formiiliintin serbest degigkenleri = ile y ise, o zaman
formdil

o(r,y)

olarak yazilabilir. O halde a ile b, iki sabit ise, ve = degiske-
ninin ¢ formiiliindeki her serbest geciginin yerine a konulursa,
ve benzer gekilde y degiskeninin her serbest gegisinin yerine b
konulursa, ¢ikan climle

¢(a,b)

olarak yazilabilir.
Genelde ¢ formiiliiniin serbest degiskenleri, bir a listesini
olugturursa, o zaman formiil

()
olarak yazilabilir; ayrica
Va (), 3z ()

ciimleleri yazilabilir. Eger a, uzunlugun «x listesinin uzunlugu
olan bir sabit listesiyse, o zaman

p(a)

ciimlesi de gikar. Eger ¢(x) ile ¢ (), iki formiil ise, ve sadece
dogrulugun tanimane kullanarak

vz (p(z) < Y(x))

ciimlesinin dogrulugu kanitlanabilirse, o zaman ¢ ile ¢ birbi-
rine (mantiga gore) denktir (logically equivalent): kisaca

@ denktir .
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Oyleyse ¢ ile 1) birbirine denktir, ancak ve ancak her a sabit
listesi icin, dogrulugun tanimina gore

p(a) < ¢(a)
ciimlesi dogrudur. Ornegin, yukaridaki tanimlara gore

@V denktir —(=p A ),
@ =1 denktir -V,

¢ <1 denktir (o= V) A (Y= p),
Vr ¢ denktir —dzr —¢p.

Ama Jy Vz ((p(x) =1 € y) ile Jy Va (ga(x) S € y), denk
degildir.

Teorem 74.
1. Her formiil, kendisine denktir.
2. Eger ¢ ile ¢ denk ise, o zaman 1 ile ¢ denktir.
3. Eger o ile v denk ise, ve 1 ile x denk ise, o zaman ¢ ile
X denktir.

Kamit. 1. 0 < o her zaman dogrudur.

2. 0 & 71 dogru olsun. O zaman hem ¢ hem 7 ya dogru
ya yanhstir. Oyleyse hem 7 hem o ya dogru ya yanlistir; yani
T < o dogrudur.

3. 0 & 7 ve T & p dogru olsun. Eger o dogruysa, o zaman
7 dogru olmali, ve sonug olarak p dogru olmali, dolayisiyla
0 < p dogrudur. Benzer sekilde o yanlig ise 0 < p tekrar
dogrudur. O

Teorem 75.
1. ¢ = = x ile p ANp = x denktir.
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2. Eger x degiskeni, o formiliinde serbest degilse, o zaman
Vo (p =) denktir ¢ = Vx .

Kanit. 1. 0 = 7 = p dogru olsun. Eger o A 7 ciimlesi de
dogruysa, o zaman hem o hem 7 dogrudur, ve sonug¢ olarak
7 = p dogrudur, ve p dogrudur. Yani o A 7 = p dogrudur.
Tersi i¢in o AT = p dogru olsun. O zaman o A 7 yanlig veya p
dogrudur. Yani o yanhsg, veya 7 yanlig, veya p dogrudur. Eger
o dogruysa, o zaman 7 yanlig, veya p dogrudur, yani 7 = p
dogrudur. Sonug olarak ¢ = 7 = p dogrudur.

2. Vx (0 = p(z)) dogru olsun. O zaman her a i¢in 0 = ¢(a)
dogrudur. Sonug olarak o dogruysa, o zaman her a i¢in ¢(a)
dogrudur. Yani ¢ = Vx ¢(z) dogrudur.

Benzer sekilde o = Vz () dogruysa Vo (o0 = ¢(x)) dogru-
dur. O
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C. Kofinallik

C.1. Tanim ve ozellikler

Sonsuz bir x kardinali limit ordinali oldugundan
k=sup{{: £ < K} = Uf
E<k

Bazen bir kardinal, kendisinden kii¢iik bir altkiimenin
supremumudur. Ornegin w < N, ama

Ny =sup{¥,: z € w}.
Genelde « limit, b C «, ve

V§(§<a$3n(n€b/\§<n))

ise, b altkiimesi, v ordinalinin sinirsiz (unbounded) altkiime-
sidir. Bu durumda
a = sup(b).

Ornegin her limit ordinali, kendisinde smirsizdir. Ayrica
{N,: z € w}, N, ordinalinde smrsizdir. Bir limit ordina-
linin siirsiz altkiimelerinin en kii¢iik kardinaline, ordinalin
kofinalligi (cofinality) denir, ve bu kardinal, kf(«) olarak ya-
zilabilir. Yani

kf(a) = min{kard(z): x C a Asup(z) = a}.
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Ayrica, tanima gore,
kf(0) =0, kf(a+1)=1
denebilir, ama bu durumlar1 kullanmayacagiz.

Teorem 76. Her o limit ordinali i¢in, tanwm kimesi kf(«)
olan, deger kiimesi o ordinalinin simirsiz bir altkimesi olan,
kesin artan bir génderme vardar.

Kanit. f: kf(a) = a olsun, ve f[a], a ordinalinin sinirsiz bir
altkiimesi olsun. Ozyinelemeyle, tanim kiimesi kf(a) olan,

9(8) = maks ( 7(5), sup(g[9]))

kogulunu saglayan bir g géndermesi vardir. Eger 8 < kf(a) ve
9l8] € « ise, o zaman g[f], o ordinalinin smirsiz altkiimesi

degil, dolayisiyla g(8) € «; ayrica f(B8) < g(8). Oyleyse g,
istedigimiz gibidir. O

Teorem 77. o ve B limit ordinaller: olsun. Eger f: a — (3 ve
kesin artan ise, ve § = fla] ise, o zaman

kf(a) = kf(B).

Kanat. kf(5) < kf(a) ve kf(a) < kf(3) esitsizliklerini kamtla-
yacagliz.

1. g: kf(a) = aveJglkf(a)] = avolsun. § < f3 ise, hipoteze
gore o ordinalinin bir 6 eleman1 igin

d < f(0).

O zaman kf(a) kardinalinin bir ¢ elemam igin
0 <g(v), 0 < f(0) < fg(v)).
Oyleyse J(f o g9)[kf(a)] = B, dolayisiyla kf(3) < kf(a).
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2. h: kf(B) — B ve Jhkf(5)] = 5 olsun. § < kf(5) ise
k(0) = min{¢ € a: h(6) < f(§)}

olsun. O zaman k: kf(8) — a. Eger 6 € « ise, o zaman kf(/5)
kardinalinin

() < h(o)

kogulunu saglayan bir ¢ elemani vardir. O zaman

f(0) < h(6) < f(k(0)),

dolayisiyla 6 < k(§), ciinkii f kesin artandir. Oyleyse
U k[kf(B)] = «, dolayisiyla kf(«) < kf(8) ve ashinda kf(a) =
kf(3). O

Ozel durum olarak F' normal ve a limit ise
kf(F(a)) = kf(a).
Teorem 78. « limit ise kf(X,) = kf(«).
Kamt. & — R¢ normaldir. O

Teorem 79. Cantor normal bi¢iminde
Q:wao.&0+...+wa".&n

ve au, > 0 ise, 0o zaman

kf(ay,),  eger ay, bir limitse.

Kf(a) = {w, eger o, bir ardilsa,

Kanat. Son teoreme gore o limit, v > 1, ve § > 2 ise

kf(or) = kf(B + o) = kf(y - ) = kf(5%). 0
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Bazen bu hesaplama bize yardim etmez. Mesela f(0) = 0 ve
fn+1) = w’™ ve a = sup(f[w)]) ise, yani
a =sup{0,1, w, w®, w*", ...}
ise, o zaman kf(a) = w, ama o = w®.
Teorem 8o. Her o ordinali i¢in

kf(Na+1) - Na+1.
Kanit. < N,q11 ve f:  — N,4yq olsun. O zaman
sup(f(8]) = [ £(¢).
£<B
Bu bilesimden X, xRN, ¢arpimina giden bir A gdmmesini tanim-
layacagiz. Se¢im Aksiyomu sayesinde |J{*N,: & < N,y1} kii-
mesi iyisiralanabilir. Bu siralamaya gore § < R,y ise °R, kii-

mesinin en kii¢iik gémmesi, gs olsun. O zaman v < sup(f|[3])
ise

0 =min{z € B: v < f(2)},  h(7) = (95(9), 95(7))
olsun. Bdoylece
kard (sup(f[8])) < kard(Rq x R,) =R,

dolayisiyla sup(f[5]) < Rat1. Sonug olarak kf(R,41) = Nyqq.
U

C.2. Hesaplamalar

Teorem 81. 2 < k, 1 < A, ve Ny < maks{r, A} olsun. O
zaman

A > kf(k) = k < K,
GKHA X < kf(x) = k = k™.
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Kanit. kf(k) < X ise *k kiimesinin

k=J 1

kogulunu saglayan bir f eleman vardir. Simdi € — g¢: k — 'k
olsun. O zaman *x kiimesinin {g¢: ¢ < x} kiimesinde olmayan
bir

e min (s {ge(n): € < F()})

elemani vardir.
Simdi A < kf(k) olsun. O zaman Teorem 80’in kanitindaki
gibi

AR:U)\gz U )\f

E<k ALE<K

< U Meard©) = |J x| 2

ALE<K ALE<K ALE<K
(EeKN (EeKN

Eger GKH dogruysa p < k = 2* < k, dolayisiyla k* < k. O

Simdi, gosterdiklerimize gore, eger x + A sonsuzsa, o zaman

Ayrica

AT, eger 2 < Kk < A ise,
GKH = k" = { kt, eger kf(k) < A < K ise,
K, eger 1 <\ < kf(k) ise.
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Ozel olarak

Ngy1, eger a < 3 ise,
GKH = R, = { R, 1, eger kf(a) < Ng <R, ise,
N,, eger Ng < kf(a) ise.
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